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The Tale of One-Way Functions®
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All the king’s horses, and all the king’s men,
Couldn’t put Humpty together again.

Abstract

The existence of one-way functions (owf) is arguably the most important problem
in computer theory. The article discusses and refines a number of concepts relevant to
this problem. For instance, it gives the first combinatorial complete owf, i.e., a function
which is one-way if any function is. There are surprisingly many subtleties in basic
definitions. Some of these subtleties are discussed or hinted at in the literature and
some are overlooked. Here, a unified approach is attempted.

1 Introduction I: Inverting Functions

From time immemorial, humanity has gotten frequent, often cruel, reminders that many
things are easier to do than to reverse. When the foundations of mathematics started to be
seriously analyzed, this experience immediately found a formal expression.

1.1 An Odd Axiom

Over a century ago, George Cantor reduced all the great variety of mathematical concepts to
just one—the concept of sets—and derived all mathematical theorems from just one axiom
scheme— Cantor’s Postulate. For each set-theoretical formula A(z), it postulates the exis-
tence of a set containing those and only those x satisfying A. This axiom looked a triviality,
almost a definition, but was soon found to yield more than Cantor wanted, including contra-
dictions. To salvage its great promise, Zermelo, Fraenkel, and others pragmatically replaced
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Cantor’s Postulate with a collection of its restricted cases, limiting the types of allowed prop-
erties A. The restrictions turned out to cause little inconvenience and precluded (so far) any
contradictions; the axioms took their firm place in the foundations of mathematics.

In 1904, Zermelo noticed that one more axiom was needed to derive all known mathemat-
ics, the (in)famous Axiom of Choice: every function f has an inverse g such that f(g(z)) =z
for x in the range of f. It was accepted reluctantly; to this day, proofs dependent on it are
being singled out. Its strangeness was not limited to going beyond Cantor’s Postulate—it
brought paradoxes! Allow me a simple illustration based on the ability of the axiom of choice
to enable a symmetric choice of an arbitrary integer.

Consider the additive group T = R/Z of reals mod 1 as points x € [0,1) on a circle;
take its subgroup Qo C T of decimal fractions a/10°. Let f(x) be the (countable) coset
x + Q1o, i.e., f projects T onto its factor group T/Q1p. Any inverse g of f then selects one
representative from each coset. Denote by G = ¢(f(T)) the image of such a g; then each
x € T is brought into G by exactly one rational shift x+ ¢, ¢ € )19. Now I will deviate from
the standard path to emphasize the elementary nature of the paradox. One last notation:
¢ = (10¢) mod 1 is g € @10, shortened by the removal of its most significant digit.

For a pair p,q € Q19, I bet 2 : 1 that x + p rather than x + ¢ falls in G for a random
x € T. The deal should be attractive to you since my bet is higher while conditions to win
are completely symmetric under rotation of x. To compound my charitable nature to its
extreme, I offer such bets for all ¢ € Q, ¢ > 0, p = ¢, not just one pair. If you rush
to accept, we choose a random x (by rolling dice for all of its digits) and find the unique
q € Qqo for which x + q € G. Then I lose one bet for this q and win ten (for each ¢ such
that ¢ = q). Generosity pays!

This paradox is not as easy to dismiss as is often thought. Only 11 bets are paid in each
game: no infinite pyramids. Moreover, if x is drawn from a sphere Ss, a finite number of
even unpaid bets suffices: Banach and Tarski [1] constructed 6 pairs, each including a set
A; C S5 and a rotation Tj; betting x € A; versus T;(z) € A;, they lose one bet and win two
for each . Our z + p and x + ¢ above are tested for the same condition and differ in finitely
many digits; all digits are evenly distributed and independent. One can refuse the thought
experiment of rolling the infinite number of digits of = or the question of whether x4 q € G,
but this amounts to rejecting basic concepts of the set theory. It is simpler to interpret the
refusal to bet as a hidden disbelief in the Axiom of Choice.

1.2 Finite Objects: Exhaustive Search

These problems with inverting functions have limited relevance to computations. The latter
deal with finite objects, which are naturally well-ordered by Induction Axioms, rendering
the Axiom of Choice unnecessary. There are other mitigating considerations, too. Shannon
Information theory assigns to a random variable x as much information about its function
f(z) as to f(z) about z. Kolmogorov (algorithmic) information theory (see [2, B]) extended
this concept from random to arbitrary z: I(z : y) is the difference between the smallest
lengths of programs generating y and of those transforming x to y. Kolmogorov and I
proved in 1967 that this measure is symmetric too, like Shannon’s, albeit approximately [4].
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The proof involved a caveat: computationally prohibitive exhaustive search of all strings
of a given length. For instance, the product pg of two primes contains as much (i.e., all)
information about them as vice versa, but [5] and great many other things in modern cryptog-
raphy depend on the assumption that recovering the factors of pq is infeasible. Kolmogorov
suggested at the time [6] that this information symmetry theorem may be a good test case to
prove that for some tasks exhaustive search cannot be avoided (in today’s terms, P # NP).

The RSA application marked a dramatic twist in the role of the inversion problem:
from notorious troublemaker to priceless tool. RSA was the first of the myriad bewildering
applications which soon followed. At the heart of many of them was the discovery that the
hardness of every one-way function f(z) can be focused into a hard-core bit, i.e., an easily
computable predicate b(x) which is as hard to determine from f(z), or even to guess with
any noticeable correlation, as to recover x completely.

In [7], the first hard-core for f(x) = a® mod p was found, which was soon followed with
hard-cores for RSA and Rabin’s function (22 mod n), n = pq, and for “grinding” functions
f(x1,. . xn) = f(x1),..., f(z,) (see [B]; for the proof of Isolation Lemma used in [§], see
[@9]). In [I0], the general case was proved (see also [T, [12]).

The importance of such hard-cores comes from their use, proposed in [7, B] for unlimited
deterministic generation of perfectly random bits from a small random seed s. In the case
of permutation f, such generators are straightforward: g,(:) = b(f*(s)), 1 =0,1,2,.... The
general case was worked out in [I3].

With the barrier between random and deterministic processes thus broken, many previ-
ously unthinkable feats were demonstrated in the 80s. Generic cryptographic results (such
as, e.g., [14]), zero-knowledge proofs, and implementation of arbitrary protocols between dis-
trusting parties (e.g., card games) as full information games [I5] are just some of the many
famous examples. This period was truly a golden age of Computer Theory brought about
by the discovery of the use of one-way functions.

2 Introduction II: Extravagant Models

2.1 The Downfall of RSA

This development was all the more remarkable as the very existence of one-way (i.e., easy to
compute, infeasible to invert) functions remains unproven and subject to repeated assaults.
The first came from Shamir himself, one of the inventors of the RSA system. He proved [16]
that factoring (on infeasibility of which RSA depends) can be done in polynomial number of
arithmetic operations. This result uses a so-called “unit-cost model,” which charges one unit
for each arithmetic operation, however long the operands. Squaring a number doubles its
length, repeated squaring brings it quickly to cosmological sizes. Embedding a huge array of
ordinary numbers into such a long one allows one arithmetic step to do much work, e.g., to
check exponentially many factor candidates. The closed-minded cryptographers, however,
were not convinced and this result brought a dismissal of the unit-cost model, not RSA.
Another, not dissimilar, attack is raging this very moment. It started with the brilliant
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result of Peter Shor. He factors integers in polynomial time using an imaginary analog
device, Quantum Computer (QC), inspired by the laws of quantum physics taken to their
formal extreme.

2.2 Quantum Computers

QC has n interacting elements, called g-bits. A pure state of each is a unit vector on the
complex plane C?. Its two components are quantum amplitudes of its two Boolean values.
A state of the entire machine is a vector in the tensor product of n planes. Its 2" coordinate
vectors are tensor-products of g-bit basis states, one for each n-bit combination. The ma-
chine is cooled, isolated from the environment nearly perfectly, and initialized in one of its
basis states representing the input and empty memory bits. The computation is arranged as
a sequence of perfectly reversible interactions of the g-bits, putting their combination in the
superposition of a rapidly increasing number of basis states, each having an exponentially
small amplitude. The environment may intervene with errors; the computation is done in an
error-correcting way, immune to such errors as long as they are few and of special restricted
forms. Otherwise, the equations of Quantum Mechanics are obeyed with unlimited precision.
This is crucial since the amplitudes are exponentially small and deviations in remote (hun-
dredth or even much further) decimal places would overwhelm the content completely. In
[T7], such computers are shown capable of factoring in polynomial time. The exponentially
many coordinates of their states can, using a rough analogy, explore one potential solution
each and concentrate the amplitudes in the one that works.

2.3 Small Difficulties

There are many problems with such QCs. For instance, thermal isolation cannot be per-
fect. Tiny backgrounds of neutrinos, gravitational waves, and other exotics, cannot be
shielded. Their effects on quantum amplitudes need not satisfy the restrictions on which
error-correcting tools depend. Moreover, nondissipating computing gates, even classical,
remain a speculation. Decades past, their existence was cheerfully proclaimed and even
proved for worlds where the laws of physical interaction can be custom-designed. In our
world, where the electromagnetic interaction between electrons, nuclei, and photons is about
the only one readily available, circuits producing less entropy than computing remain hypo-
thetical. So, low temperatures have limits and even a tiny amount of heat can cause severe
decoherence problems. Furthermore, the uncontrollable degrees of freedom need not behave
simply as heat. Interaction with the intricately correlated g-bits may put them in devilish
states capable of conspiracies which defy imagination.

2.4 Remote Decimals

All such problems, however, are peanuts. The major problem is the requirement that basic
quantum equations hold to multi-hundredth if not millionth decimal positions where the
significant digits of the relevant quantum amplitudes reside. We have never seen a physical
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law valid to over a dozen decimals. Typically, every few new decimal places require major
rethinking of most basic concepts. Are quantum amplitudes still complex numbers to such
accuracies or do they become quaternions, colored graphs, or sick-humored gremlins? I
suspect physicists would doubt even the laws of arithmetic pushed that far. In fact, we know
that the most basic laws cannot all be correct to hundreds of decimals: this is where they
stop being consistent with each other!

And what is the physical meaning of 500 digit long numbers? What could one possibly
mean by saying “This box has a remarkable property: its many g-bits contain the Ten
Commandments with the amplitude whose first 500 decimal places end with 666”7 What
physical interpretation could this statement have even for just this one amplitude? Close
to the tensor product basis, one might have opportunities to restate the assertions using
several short measurable numbers instead of one long. Such opportunities may also exist for
large systems, such as lasers or condensates, where individual states matter little. But QC
factoring uses amplitudes of an exponential number of highly individualized basis states. I
doubt anything short of the most generic and direct use of these huge precisions would be
easy to substitute. One can make the amplitudes more “physical” by choosing a less physical
basis. Let us look into this.

2.5 Too Small Universe

QC proponents often say they win either way, by making a working QC or by finding a
correction to Quantum Mechanics; e.g., in [I8] Peter Shor said: “If there are nonlinearities
in quantum mechanics which are detectable by watching quantum computers fail, physicists
will be VERY interested (I would expect a Nobel prize for conclusive evidence of this).”

Consider, however, this scenario. With few g-bits, QC is eventually made to work. The
progress stops, though, long before QC factoring starts competing with pencils. The QC
people then demand some noble prize for the correction to the Quantum Mechanics. But
the committee wants more specifics than simply a nonworking machine, so something like
observing the state of the QC is needed. Then they find the Universe too small for observing
individual states of the needed dimensions and accuracy. (Raising sufficient funds to compete
with pencil factoring may justify a Nobel Prize in Economics.)

Let us make some calculations. In cryptography, the length n of the integers to factor
may be a thousand bits (and could easily be millions.) By ~ n, I will mean a reasonable
power of n. A 2~ dimensional space H has 22" nearly orthogonal vectors. Take a generic
v € H. The minimal size of a machine which can recognize or generate v (approximately)
is K = 2~ far larger than our Universe. This comes from a cardinality argument: 2~%
machines of K atoms. Let us call such v “megastates.”

There is a big difference between untested and untestable regimes. Claims about individ-
ual megastates are untestable. I can imagine a feasible way to separate any two QC states
from each other. However, as this calculation shows, no machine can separate a generic QC
state from the set of all states more distant from it than QC tolerates. So, what thought
experiments can probe the QC to be in the state described with the accuracy needed? I
would allow to use the resources of the entire Universe, but not more!
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Archimedes made a great discovery that digital representation of numbers is exponentially
more efficient than analog ones (sand pile sizes). Many subsequent analog devices yielded
unimpressive results. It is not clear why QCs should be an exception.

2.6 Metric versus Topology

A gap in quantum formalism may be contributing to the confusion. Approximation has two
subtly different aspects: metric and topology. Metric tells how close our ideal point is to
a specific wrong one. Topology tells how close it is to the combination of all unacceptable
(nonneighboring) points. This may differ from the distance to the closest unacceptable point,
especially for quantum systems.

In infinite dimensions, the distinction between 0 and positive separation between a point
and a set varies with topologies. In finite dimensions, 0-vs.-positive distinction is too coarse:
all topologies agree. Since 2°% is finite only in a very philosophical sense, one needs a quan-
titative refinement, some sort of a weak-topological (not metric) depth of a neighborhood
polynomially related to resources required for precision to a given depth. Then, precision to
reasonable depths would be physical, e.g., allow one to generate points inside the neighbor-
hood, distinguish its center from the outside, etc.

Metric defines e-neighborhoods and is richer in that than topology where the specific
value of ¢ is lost (only € > 0 is assured). However, metric is restricted by the axiom that
the intersection of any set of e-neighborhoods is always another e-neighborhood. Quantum
proximity may require both benefits: defined depth ¢ and freedom to express it by formulas
violating the “intersection axiom.” Here is an example of such a violation, without pretense
of relevance to our needs. Suppose a neighborhood of 0 is given by a set of linear inequalities
fi(x) < 1; then its depth may be taken as 1/ > || fi||. Restricting 2 to the unit sphere would

1
render this depth quadratically close to metric depth. A more relevant formula may need
preferred treatment of tensor product basis.

2.7 The Cheaper Boon

QC of the sort that factors long numbers seems firmly rooted in science fiction. It is a pity
that popular accounts do not distinguish it from much more believable ideas, like Quantum
Cryptography, Quantum Communications, and the sort of Quantum Computing that deals
primarily with locality restrictions, such as fast search of long arrays. It is worth noting that
the reasons why QC must fail are by no means clear; they merit thorough investigation. The
answer may bring much greater benefits to the understanding of basic physical concepts than
any factoring device could ever promise. The present attitude is analogous to, say, Maxwell
selling the Daemon of his famous thought experiment as a path to cheaper electricity from
heat. If he did, much of insights of today’s thermodynamics might be lost or delayed.

The rest of the article ignores any extravagant models and stands fully committed to
the Polynomial Overhead Church—Turing Thesis: Any computation that takes ¢ steps on an
s-bit device can be simulated by a Turing Machine in st steps within s cells.
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3 The Treacherous Averaging

Worst-case hardness of inverting functions may bring no significant implications. Imagine
that all instances come in two types: “easy” and “hard.” The easy instances z take ||z||?
time. An exponential expected time of randomized algorithms is required both to solve, and
to find any hard instance. So, the Universe would be too small to ever produce intractable
instances, and the inversion problem would pose no practical difficulty. It is “generic,” not
worst-case, instances that both frustrate algorithm designers and empower cryptographers
to do their incredible feats. The definition of “generic,” however, requires great care.

3.1 Las Vegas Algorithms

First we must agree on how to measure the performance of inverters. Besides instances
x = f(w), algorithms A(z, a) inverting one-way functions f can use random dice sequences
a € {0,1}Y. They never need a chance for (always filterable) wrong answers. So we restrict
ourselves to Las Vegas algorithms which can only produce a correct output, abort, or diverge.

For a given x, the performance of A has two aspects: the volume! V' of computation and
the chance py (over «) of success in V' steps. They are not independent: p can be always
boosted while roughly preserving V/p (more precisely —V/log(1—p)) by simply running A on
several independent «. This idea suggests the popular requirement that Las Vegas algorithms
be normalized to, say, p > % The problem with this restriction is that estimating p and the
needed number of trials may require exponential volume overhead in the worst case. Thus,
only such measures as average volume can be kept reasonable while normalizing the chance.
It is important that both are averaged only over A’s own dice «; the instance x is chosen by
the adversary. In this setting, the duplicity of performance aspects does become redundant:
p and average volume are freely interchangeable (to shrink the latter, one simply runs A
with a small chance).

Combining several runs into one lessens the modularity and counting the runs needed does
involve some overhead. However, there are more substantial reasons to prefer normalization
of average volume to that of the success rate p. In some settings, success is a matter of
degree. For instance, different inverses of the same instance of a owf may be of different
and hard-to-compare value. Normalizing the average volume, on the other hand, is robust.
This volume bound may be O(1) if the model of computation is very specific. If flexibility
between several reasonable models is desired, polynomial bounds, specific to each algorithm,
may be preferable. There is one obstacle: the set of algorithms with a restricted expected
complexity is not recursively enumerable. We can circumvent this problem by using the
following enforceable form of the bound.

Definition 1 Las Vegas algorithms A(x,«) € LV(b) start with a given bound b(x) on ex-
pected computation volume. At any time, the algorithm can bet a part of the remaining

'T say volume rather than time, for greater robustness in the case of massively parallel models.



8 Leonid A. Levin

volume, so that it is doubled or subtracted depending on the next dice of a. LV(O(1)) usually
suffices and we will abbreviate it as L.

Despite its tight O(1) expected complexity bound, L is robust since any Las Vegas algo-
rithm can be put in this form, roughly preserving the ratio between the complexity bound
and the success rate. The inverse of the latter gives the number of runs required for a
constant chance of success, thus playing the role of running time. An extra benefit is that
a reader adverse to bothering with the inner workings of computers can just accept their
restriction to L and view all further analysis in purely probabilistic terms!

3.2 Multimedian Time

Averaging over the instance x is, however, much trickier. It is not robust to define generic
complexity of an algorithm A(x) running in ¢(x) steps as its expected time E,t(x). A different
device may have a quadratic time overhead. For instance, recognition of input palindromes
requires quadratic time on a Turing machine with one tape, but only linear time with two
tapes. It may be that a similar overhead exists for much slower algorithms, too. Then
t(z) may be, say, ||z||? for x € 0%, while #(0...0) may be 2I=l for one device and 4/l#ll for
another. Take x uniformly distributed on {0,1}". Then E,t(x) for these devices would be
quadratic and exponential respectively: averaging does not commute with squaring. Besides,
this exponential average hardness is misleading since the hard instances would never appear
in practice!

More device-independent would be the median time, the minimal number of steps spent
for the harder half of instances. This measure, however, is not robust in another respect: it
can change dramatically if its half threshold is replaced with, say, a quarter.

Fortunately, these problems disappear as one of the many benefits of our Las Vegas
conventions. One can simply take algorithms in L. and measure their chance of success for
inputs chosen randomly with a given distribution. The inverse of this chance, as a function
of, say, input length, is a robust measure of security of a one-way function. This measure
is important in cryptography, where any noticeable chance of breaking the code must be
excluded. A different measure is required for positive tasks aimed at success for almost all
instances. We start by considering a combined distribution over all instance lengths.

Definition 2 We consider an L-distribution of instances, i.e., a distribution of outputs of
an L-algorithm’s on empty input.> Now, we run the generator k times (spending an average
time of O(k)) and apply the inverter until all generated solvable instances are solved.* The

2Pronounced “Las” algorithms to hint at Las Vegas and the term’s inventor Laszlo Babai. I would like to
stress that no YACC (Yet Another Complexity Class) is being introduced here. L is a form of algorithms;
this is much less abstract than a class of algorithms or, especially, a class of problems solvable by a class of
algorithms. Besides, it is not really new, just a slight tightening of the Las Vegas restriction.

3If the instance generator is not algorithmic, the definition can be modified to use the output length
instead of complexity in the definition of L. The instances of length n should have probabilities combining
to a polynomial, e.g., p(z) = 1/(||x| log ||=||)%.

41f the generator can produce unsolvable instances too, the definition ignores them.
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number of trials is a random variable depending on the inverter’s and generator’s dice. Its
median value MT(k) is called the multimedian time of inverting f by A.

This measure is robust in many respects. It commutes with squaring the inverter’s
complexity and, thus, is robust against variation of models. It does not depend much on the
% probability cut-off used for median. Indeed, increasing k by a factor of ¢ raises MT(k) as
much as does tightening the inverter’s failure probability to 27¢.

MT is relevant for both upper and lower bounds. Let T(x) be high for e fraction of
z € {0,1}". Then MT(k) is as high for k& = n3/s. Conversely, let MT(k) be high. Then,
with overwhelming probability, T(x;) is at least as high for some of n = k? random x4, .. ., z,

(and 3 [|z:f} = O(n).

3.3 Nice Distributions

So far, we addressed the variance of performance of a randomized algorithm over its vari-
able dice for a fixed input, as well as the issue of averaging it over variable input with a
given distribution. Now we must address the variance of distributions. Choosing the right
distributions is not always trivial, a fact often dismissed by declaring them uniform. Such
declarations are confusing, though, since many different distributions deserve the name.

For instance, consider graphs G = (V,E C V?), ||[V|| = n, where n is chosen with
probability ¢/n? (here, ¢ is a normalizing factor). For a given n, graphs G are chosen with
two distributions, both with a claim to uniformity: p; chooses G with equal probability
among all 27 graphs; i, first chooses k = || E|| with uniform probability 1/(n®+ 1) and then
G with equal probability among all the C¥, candidates. The set {G : ||E| = n'®} has then
a2 probability 1/(n? + 1), while its p; is exponentially small. In fact, all nice distributions
can be described as uniform in a reasonable representation. Let me reproduce the argument,
sketched briefly in [19], adding an additional aspect that I will use later.

Let us use set-theoretic representation of integers: n = {0,1,...,n — 1}. A measure p
is an additive real function of sets of integers; u(n) = u({0}) + p({1}) + ... + u({n — 1})
is its monotone distribution function. Its density u'(n) = p(n + 1) — p(n) = p({n}) is the
probability of {n} as a singleton, rather than of a set n = {0,1,...,n —1}. Let Q5 be the
set of binary fractions /2l € [1/2,1). We round the real-valued p to Qy, keeping only as
many binary digits as needed for constant factor accuracy of probabilities.

Definition 3 :N — Qs is perfectly rounded if pu(x) is the shortest fraction within the
interval (u(x — 1), u(z + 1)) and —logu({z}) = O(||z|]).

The last condition is just a convenience and can be met simply by mixing the (monotone)
4 with some simple distribution.

Lemma 1 Fvery computable :N — Qo can be uniformly transformed into a perfectly
rounded p; computable at most ||z|| times slower than p(x) and so that, for nondecreas-
ing 1 (i.e., one with ' >0), p) > p'/4.
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Monotonicity is assured by comparing p(z) with u(y), for prefixes y of x € Q2. Then
the claim can be achieved by rounding. First, round u(x) to the shortest binary p that is
closer to it than to any other u(y) and call these rounded values points. Find all slots, i.e.,
closest to p shorter binary fractions of each binary length. Then, for each slot in the order
of increased lengths, find the point that fills it in the successive roundings until the slot for
x is found.

All perfectly rounded p have a curious property: both m(x) = p(z)/u({z}) and ||m(x)|| =
—log p({x}) are always integers, making p(z) = .m(x) € @2, a fraction expressed by bits
of m(zx) following the dot. So m is quite uniformly distributed: 2ku(m='(k)) € [1,2] for
k € m(N). It is also computable in polynomial time, as m~" is (by binary search). So, we
can use m(x) as an alternative representation for x, in which the distribution p is remarkably
uniform.

Simple distributions are not normally general enough. They may be the ultimate source
of the information in the instances = of our problems, but the original information r is
transformed into x by some process A that may itself be something like a one-way function.
We can assume that A is an algorithm with a reasonable time bound, but not that its
output distribution is simple. Such distributions are called samplable. In [20], samplable
distributions are dealt with in a similar manner as with those in this section, though through
a different trick.

4 Completeness

4.1 Complete Distributions and Inverters

Given a function to invert, how would one generate hard instances? There are two aspects of
the problem. The first is achieving a significant probability of generation of hard instances.
The second is keeping the probability of easy instances negligible. A number of reductions
(with various limitations) exist between these tasks. Let us restrict our attention to the first
one.

First, note that Lemma[flenumerates all distributions computable in time ¢(z), preserving
t within a linear factor. Thus, we can generate the largest of all these distributions by
adding them up with summable coefficients, say, 1/i%2. This distribution will be complete
for TIME(t(x)) and belong to TIME(¢(x)|lx||). A nice alternative would be to combine
all complexities by translating high times into small probabilities, similarly to Section Bl
Instead, we will switch to samplable distributions directly.

Definition 4 Distributions generated by algorithms in L without input are called samplable.
If the algorithm has inputs, they are treated as a parameter for a family of samplable distri-
butions.

Usual versions of this definitions are broader, allowing a class of algorithms closer to
LV(P) and generation of polynomially larger distributions; we limit the generators to L for
greater precision.
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Proposition 1 There exists a complete, i.e., largest up to constant factors, family of sam-
plable distributions.

The lemma follows if we note that L is enumerable and, thus, the complete distribution
can be obtained by choosing members of L at random and running them. The generator of
this distribution spends O(1) average time per run and has the greatest in L. (up to a constant
factor) capacity for generating surprises. (Compared to LV(P) algorithms, its chance of a
nasty surprise may be polynomially smaller.)

Since the complete distribution makes sense only to within a constant factor, it is robust
in logarithmic scale only and defines an objective hardness of “hitting” a set X given .

Notation 1 By KI(X/x), we denote the —log of probability of a set X under the complete
distribution family parameterized by x.

As often happens, a strong attack tool helps inventing a strong defense. Optimal searches
were noted, e.g., in [211, 22, 23] but here we get a nice version for free. The complete generator
of hard instances can be used as an optimal algorithm for solving them. Since algorithms in
L combine time into probability, their performance is measured by their chance of success.
The generator of an optimal distribution family (parameterized by the instance x) has the
highest, up to a constant factor, chance 1/S(f/z) = 2= K/ “'@)/2) of generating solutions.
Its minus logarithm s(f/z) measures the hardness of each individual instance x and is called
its security. The generator takes an O(1) average time per run and succeeds in expected
S(f/x) runs. No other method can do better.

Open problem. The constant factor in the optimal inversion algorithm may be arbitrarily
large. It is unknown whether it can be limited to a fixed constant (say, 10) independent of
the competing algorithm for sufficiently large instances.

4.2 Inversion Problems and OWPFs

A complete distribution achieves about as high probability of hard instances as possible.
Using it makes the choice of a hard-to-invert function easy: all NP-complete functions would
do similarly well. However, the interesting goal is usually to find a function that is tough for
some standard, say, uniform distribution of instances. Serendipitously, Lemma [I] transforms
any P-time distribution into a uniform one via an appropriate encoding. Combined with this
encoding, any NP-complete function joins those hardest to invert. However, the encoding
destroys the function’s appeal, so the problem of combining a nice function with a nice
distribution remains.

Of course, while many functions seem hard, none are proven to be such. In [19, 20} 24,
20, 26, 27], a number of combinatorial and algebraic problems are proved to be complete on
average with uniform distributions, i.e., as hard as any inversion problem with samplable
distribution could be.
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These results, however, do not quite yield owfs. The difference between owf and complete
on average inversion problems can be described in many ways. The simplest one is to define
owfs as hard on average problems of inverting length-preserving functions. In this case the
choice between picking at random a witness (crucial for owfs), or an instance, becomes
unimportant.

Indeed, each witness gives only one instance. So if length is preserved, the uniform
distribution restricted to solvable instances does not exceed the one generated by uniformly
distributed witnesses. On the other hand, if the witnesses are mapped into much fewer hard
instances, they must have many siblings. Then, the function can be modified as follows.
Guess the logarithm k& of the number of siblings of the witness w and pick a random member
a of a universal hash family h,(w). Output f(w),k,a,hl(w), where b’ is h truncated to k
bits. (These outputs, i.e. instances, are k bits too long but can be hashed into strings of the
same length as the witnesses.) The extra information in the output (if & is guessed correctly)
is nearly random, and so makes inversion no easier. However, the siblings are separated into
small groups and the numbers (and, thus, uniform probabilities) of hard instances and their
witnesses become comparable. The converse is also true:

Proposition 2 Any owf with multimedian V (k) of its security S(x) (for uniformly random
w and x = f(w)) can be transformed into a length-preserving owf with a 1/O(k) fraction of
instances that have security polynomially related to V.

First, the fraction of hard instances is boosted as described at the end of Section B2 If
the number of hard instances is much smaller than that of their witnesses, the function can
still be made length-preserving without altering its hardness by separating the siblings as in
the previous paragraph. See [20] for more detailed computations of the results of hashing
owfs.

4.3 Complete OWF': Tiling Expansion

We now modify the Tiling Problem to create a complete combinatorial owf. No such owf has
been described yet, though [0] shows the existence of an artificial complete owf. It would be
nice to have several complete owfs that are less artificial, i.e., intuitive to someone who does
not care to know the definition of computability. Below, such an example is given as a seed.
Hopefully, a critical mass of such examples will be achieved some day providing an arsenal
for reductions to more popular owf candidates to show their completeness.

NP versus owf completeness. It is a mystery why the industry of proving worst-case NP-
completeness of nice combinatorial problems is so successful. Of course, such questions refer
to art rather than science and so need not have a definite answer. It seems important that
several “clean” complete combinatorial NP problems are readily available without awkward
complexities that plague deterministic computation models. Yet, average-case completeness
is only slowly overcoming this barrier. And for complete owfs, my appeal to produce even
one clean example remained unanswered for two decades.
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A complete owf is easy to construct as a modification of a universal Turing Machine
(UTM). UTM computation, in turn, is easy to transform into combinatorial objects (tiled
squares, etc.). These objects are stripped from the many technicalities needed to define
a model of computation. Indeed, these technicalities are involved in making computation
deterministic, which is unnecessary since the final relation is intended to be nondeterministic
anyway. The “stripped” versions have simple combinatorial structure and appeal, which
makes it possible to find so many reductions to other mathematical objects.

This approach works for constructing average-complete NP problems. It fails, however,
to preserve length which is needed for constructing complete owfs. (In some other definitions,
length-preservation is replaced with other requirements, but these, too, are destroyed by the
above construction.) Here, I use simple tools, such as the concept of expansion, to try to
make a first step to overcome these problems. The construction preserves input length and
retains clean combinatorial structure of tiling. I hope that this first step could be used as a
master-problem for reductions to other nice owfs.

Tiles: unit squares with a letter at each corner; ax|[xc
may be joined if the letters match. er|rz
Expansion: maximal tile-by-tile unique (using given tiles) er|[rz
extension of a partial tiling of a square with marked border. nsl|lsz

Definition 5 Tiling Expansion is the following function: Fxpand a given top line of tiles to
a square using a given set of permitted tiles; output the bottom line and the permitted tiles.

Theorem 1 Tiling FExpansion is a owf if and only if owfs exist.

The reduction. We start with a UTM, add a time counter that aborts after, say, n? steps.
We preserve a copy of the program prefix and force it, as well as the input length, on the
output. This produces a complete “‘computational” length-preserving owf. Now, we reduce
the computation of the UTM, modified as above, to Tiling in a standard way. We add a
special border symbol and restrict the tiles so that it can combine only with the input or
output alphabets (of equal size), or with the end-tape symbol, or the state initiating the
computation, depending on the sides of the tile. The expansion concept does the rest.

Tiling is a nice combinatorial entity, but it lacks determinism. This demands specifying
all tiles in the square, which ruins the length preservation. Requiring the set of tiles to force
deterministic computation would involve awkward definitions unlikely to inspire connections
with noncomputational problems, reductions to which is the ultimate goal. Instead, expan-
sion allows an arbitrary set of tiles but permits the extension of a partially tiled square only
at places where such possible extension is unique. In this way, some partially tiled squares
can be completed one tile at a time; others get stuck. This process is inefficient, but efficiency
loss (small in parallel models) is not crucial here.

It remains an interesting problem to reduce this owf to other nice combinatorial or alge-
braic owfs thus proving their completeness.
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The raw owfs, however, are hard to use. While many results, such as, e.g., pseudo-random
generators, require no other assumptions, their constructions destroy efficiency almost en-
tirely. To be useful, owfs need other properties, e.g., low Renyi entropy. This low entropy
is also required for transforming weak owfs into strong ones (while preserving security, as
in [28]), and for other tasks. The following note suggests a way that may achieve this. (Its
f(z) 4+ ax can be replaced with other hashings.)

Remark 1 Inputs of g(a,z) = (a, f(x) + ax) have < 1 siblings on average for any length-
preserving f and a,x € GFy)z .

Conjecture 1 The above g is one-way, for any owf f, and has the same (within a polynomial
factor) security.
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1 Bsenenne I: obpaimenne pyHKImit

C He3anaMsTHBIX BPEMEH Y€JI0BEYECTBY HE pPa3 HAIMOMUHAJIOCH — HHOTJA YKECTOKO — 4YTO
c/leJIAaHHOIO He obparulib. MareMaTuku CTOJKHYJIUCH ¢ (DOPMAJIbHBIM BblpaKeHUEeM ITOI
npobJieMbl, €/IBa Ha4YaB CePbE3HO aHAJIU3UPOBATH OCHOBAHUS CBOEIl HayKH.

1.1. Crpannag akcuoma. Bosiee Beka nazas Leopr Kaurop npejioxus csecru Bce
pasHoobpasue MaTeMaTHYeCKHX IOHATUN K €JIMHCTBEHHOMY IIOHATHUIO MHOYKECTBa, a BCe
MaTeMaTUIeCKHe TeopeMbl — K eJIMHCTBEHHOH cXeMe aKCHOM, KOTOPYI0 MOXKHO Ha3BaTh
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nocmyaamom Kanwmopa. dtor mnocrynar yreepxaaer (st kaxjaoi dopmynbt A(z) B
SI3bIKE€ TEOPHM MHOXKECTB), 4YTO CYLIECTBYET MHOXKECTBO, KOTOPOE COCTOMT U3 BCEX I,
JUIsi KOTOPBIX BbioaHeHo A(x). D10 6e300u1H0e yTBepKAeHue (MOYTH YTO OUPE/IesIeHue
IOHSITHsI MHOYKECTBA), KAK BCKOPE BBISICHHJIOCH, UMEeT MHOIO CJIEJCTBUil, W JaxKe OoJblie,
4eM XOTeJOCh Obl: U3 HEro MOXKHO BBIBECTH MpoTHBOpedre. UToObI criacTu IOJOXKEHUe,
Hepwmeno, @penkeib u Ipyrue MaTeMaTUKU IparMaTHYecKH OrpaHuydnIn HoctyaaT Kanropa
HEKOTOPBIMH €0 YaCTHBIMHU CJIydYasMd, pas3pemuB Juilb ¢GopMyasl A  cremmaabHOroO
Buza. llpu sTom Bpoje Obl mpoTHBOpEYUsl HE MMOJIydYaeTCs, & BCE HEHHOE MHPOJIO/IZKAET
BbIBOIUTHCs. [losyamiach akcmomarudeckasi T€OPUsl MHOXKECTB, MIPAIONIAsl MEHTPAJIbHYIO
POJIb B OCHOBaHUAX MAaTE€MAaTUKH.

B 1904 roay [epmesio 3amMerns, 9TO B JI0KA3aTe/JbCTBAX MaTEeMaTHIECKUX TEOPEM
HCIIOJIB3YeTCsl ellle OJlHA aKCHoMa, (IevasibHO) 3HAMeHuTasi akcuoma ewvibopa. Ee MoxkHO
cchopmyiupoBarh Tak: Jjis BCskO# (pyHkimu f cymecrByer obOparHasi K Heil, T.e. Takas
dbyukus g, nag koropoit f(g(z)) = x npu Bcex z u3 obaactu 3HaveHuil GyHknum f.
MaremMaTuKi MOCTENEHHO IPHUHSIN €e, XOTd U HEOXOTHO: JO0 CHUX IIOp HCIOJb30BAaHHE JTOM
AKCHOMBI OTMEYaeTCs 0c000. AKcroMa BBIOOpA HE sBJISETCS YACTHBIM CJIyYaeM IOCTYJIaTa
Kanropa, k Tomy 2ke uMeeT napa/IoKcajibHbie CIeJACTBus. BOT npocToit npumep, OCHOBAHHBI I
HA TOM, 9TO 9Ta AKCHOMA MMO3BOJISIET CUMMEMPUYHHLY BHIOOP MPOU3BOJBHOIO HEJIOr0 YUCIIA.

Pacemorpum agmurusayto rpynmy T = R/Z BemecTBeHHBIX dHCesJ MO MOIYIHO 1,
eCTeCTBEHHO OTOXK/ECTBJSIEMYIO ¢ OKPY2KHOCTBIO U ¢ npomexkyTkom [0,1). ITycrs Q9 — ee
NOArPYIIIIa, COCTOAIIAA U3 BCEX KOHEUHBIX JCCATHYHbIX Apo0eit, T.e. unces suaa a/10°. ITycrs
f comnocrapisier ¢ KaxkabiM ducaom x € T ero cMmexkHubiit kjace © + (19 B akTop-rpymnme
T/Quo.

Jliobast obparnas kK f QyHKIUS ¢ BbIOMpAET B KaxKJIOM CMEXKHOM KJIacCe II0
upescrapureno. [lycre G = g(f(T)) — MHO)KeCTBO 9TUX HpPEJCTABUTENEH, T.e. MHOXKECTBO
3Hadenuit pynknuu ¢g. B srom ciydae g Kaxkiaoro x € T cylmecTByeT eIMHCTBEHHDIN
capur u3 (o, nepesogsimuii x BayTpb G (1 T pasbuBaercs Ha CYETHOE UYHCJIO KJIACCOB,
noyvaromuxcs u3 G CABUTOM Ha 371eMeHTHl (J1p).

Mbl  HECKOJIBKO OTCTYHNUM OT TPAJAUIUOHHOIO W3JIOKEHUs, YTOObI MOJIYEePKHYThH
S7eMEHTADHbIl  XapaKTep pacCMaTpUBaeMoro mapajokca. Eme ogao (mocriesmee)
obo3HaveHue: Jisg Joboro uuciaa ¢ € Q1o vepe3 ¢ mbr oboznaumm gucao (10g) mod 1,
oJiydaeMoe OTOpachblBAHHEM CTapIIero pasps/ia.

[Tycrs p,q — ssmementor Qqo. ¢ npejgiaraio Takoe mapu: ecam x +p € G (s ciydaiino
BBIODAHHON TOYKH X Ha OKPYKHOCTH), TO BbI ILIATUTE MHE pyOJsib, a eciun = + g € G, 10 4
ILJIA9Y BaM JIBa. DTO BBIT'OJHO JIJI BAC, IIOCKOJIbKY MOsI CTaBKa OOJIbIIE, a YCIOBUSA BBIUI'PBIIIIA
COBEPIIEHHO CUMMETPUYHBI (COOTBETCTBYIOIINE MHOKECTBA OTJIMYAIOTCS HOBOPOTOM). Masio
TOrO, si TOTOB OBITH ere 0ojee MEAPbIM U OJHOBPEMEHHO 3aKJII0YUTh MHOIO TAKUX HAPH,
10 OJHOMY JIA Kazka0ro ¢ € QQ19,q > 0; s cramo Ha p = ¢ nporus ¢. Kak TOJIBKO BbI
coryalaeTech, Mbl Beibupaem ciaydaiinoe z € T (kaxaas ero nudpa morydaercs GpocaHueM
9eCTHOIT MOHETHI) U MOJCYUTHIBAEM HAIIM TPUOBLTH U YOBITKE. [IycTh ¢ — TOT € JHHCTBEHHBII
S7IeMeHT MHOXKecTBa (Jqg, 1 KoToporo  + q € (. Torga g npourpsiBaio mapu s 3TOTO
g 1 BBIMI'PHIBAIO JiecsTh napu ([t Beex ¢, nupu Koropbix ¢ = q). eapocrs okynaercs, He
npaB/a Jim?!

He tak mpocro o6bscHHUTH, B 4eM “KOpeHb 37a” B 3TOM mapajokce. B kaxkmoii urpe
cpabarpiBator Juib 11 nmapu, u o “punancoBoit nupamuae” pedb He ujaeT. bojee Toro, eciu
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OpaTh B KadecTBe & CJAyJailHyio TOUKY cdepbl, TO JazKke obIee IucI0 BCeX BO3MOYKHBIX Mapu
MOXKHO c/iesiarTh KoHednbiM: Banax u Tapcekwuii [I] mokazasm, 4ro MOXKHO MOCTPOUTH HIECTH
nap (A;, T;), rae A; ectb Hekoropoe noamuozkectso cdepbl S?, a T; — nopopor 3roii cdepsl, ¢
TakuM CBOHCTBOM: craBst Ha T € A; nporus T;(x) € A; oaHoBpeMeHHO npu Beex i = 1,...,6,
MbI POMI'PHIBAEM OJHO MAPH M BBIUTDBIBaeM JBa (mpu J06oM z). Bo3Bpamasich K Hamemy
npuMepy, OTMETUM, 9TO YHCTa T + P U T + ¢ MPOBEPSIOTCA Ha MPUHAIEKHOCTD K OJHOMY
M TOMY K€ MHOKeCTBY (G M OTJIMYAIOTCS B KOHEUHOM YHC/Ie JECATHIHBIX PaspsijioB (IpraeM
BCE pa3psi/ibl HE3ABUCUMbI U PABHOBEPOSITHBI).

[To3Bo/IUTE/IBHO YCOMHHUTBCS BOOOIIE B 3aKOHHOCTH MBICJEHHOTO SKCIEPHUMEHTA,
HCIIOJIB3YIOMIEro OeCKOHETHOe YHCIO0 CIyYallHbIX OpOcaHuil, MM B OCMBICEHHOCTH BOIIPOCA
0 npuHaIe)KHOCTH T + ¢ MHOkKecTBY (G. HO mpu 9TOM MBI HOKyIIaeMcsi Ha CaMble OCHOBBI
Teopur MHOzKeCTB. [Ipoine uHTEpIpeTnpoBaTh OTKA3 OT KayKyHIEroCsl BBITOJHBIM HapHU KaK
CKPBITOE HEJ0BEepUue K aKCHOMe BhIOOpA.

1.2. Koneuynble 00bEKTHI 1 NOJHBII mTepebop. Teopuio Bbiuuc/ieHuit 3tu TpyHOCTI
c obparmtenueM (BYHKIHA 3aTPArUBAIOT MEHbIIIE, TOCKO/IbKY KOHEYHbIE O0'bEKTHI U TAK BIIOJIHE
YHOPsitodeHbl (IPUHIUIOM MATEeMATHYeCKOH HHIYKIUKM) M aKCHOMa BbIOODA HH K 4YeMy.
(Tem He menee Bompoc 00 afipexmusrom obpaweruy (GHYHKIUH OCTAETCS AKTYAJbHBIM. )
K Tomy ke meHHOHOBCKasi Teopust wHMOpMAanuu g Ji060it dyHKiun f IPUIACHIBAET
CAyvaiiHOli BeJMYMHE T CTOABKO ke mHMOpMaluu o caydaiinoii Beaudune f(r), CKOIBKO
f(z) 06 x. Kosmoroposckast (aiaropurmudeckast) reopust uradopmanun (cm. |2, B]) nossosser
OIPEJIEJIUTH MOHSATHE KOJTHIeCTBA HHMDOPMAIMH /Il KOHEYHBIX (He 0053aTe/IbHO CIIy YailHbIX )
obbekToB: I(x : y), KommuectBo uHGOpPMANUE B = 00 Y, €CTh PA3HOCTH MEXKIY JTHHAME
KpaTYaflllinX MpPOrpaMM, MOPOXK/JAONUX ¥ 0e3 HCHOJb30BAaHUS T U C HUCIOTH30BAHHEM
r. KonmMoropoB m aBTOp HacTOAIIe#l cTaThu oKa3agum B 1967 romy, 9To 3Ta BeIWIUHA,
10JJ0OHO MIEHHOHOBCKO{T, cummerpudna: [(z : y) ~ I(y : x), XOTs 9TO PABEHCTBO JIMIIb
upubszkennoe [4)].

B 1mokazaresbcTBe €CTh IIOJIBOX: MCHOJIB3YETCs IMOJHBIH Iepebop BCeX CTPOK JAHHOM
JIJIMHBL, TPEOYIONMIT HEeBOOOPa3uMoO OrpoOMHOIo Bpemenu. Hanpumep, npoussejenue JiByx
IPOCTHIX YHCE]T COAEPKUT BCIO uHMOpManuio 06 stux unciax (1 HA0OOPOT), HO U3BJIEYD
5Ty HH(OPMANMIO HA MPAKTUKE HEBO3MOXKHO — MMEHHO HA ITOM IIPE/IIOJIOKEHUN OCHOBAHA
cucrema RSA [B] u MHO)KeCTBO ApYruX mpueMoB coBpeMenHoii Kpunrorpaduu. Kosmoropos B
CBOE BpeMsl YKa3bIBaJl HAa CBOUCTBO cHMMeTpud WH(MOPMAIUU KaK Ha OJHY U3 33,144, XOPOIIO
HOJXOSIIMX Il ONBITKK JIOKA3aTh, 4TO HOMHBI nepebop neycrpanum (P # NP, kax
ckazasu Obl ceitaac) [6].

[Tosiyienne cucremMbl RSA m3MeHWIO B3IVIsL HA TPY/AHO oOparuMble (DYHKIUH: JTOCATHOE
IPENsTCTBHE CTAJI0 He3aMEHUMBIM HHCTPYMEeHTOM. 3a RSA moc/ieoBaio MHOKECTBO JIPYTHX
YAMBUTEIbHBIX npuiozkeHuit. OKazagoch (M 9TO CYHMIECTBEHHO IS MHOTMX U3 HHX), 9TO
TPYJIHOCTH oOpalienus (pyHKIMIT MOKHO CKOHIIEHTPUPOBATH B €JIMHCTBEHHOM Oute. ['oBopsrT,
qro (JIerKO BBIYHCAUMBII) npeaukar b(x) swiasiercs mpyonvm 6umom (hard-core bit) mus
TPy AHO o6paTuMoil (0mHOCTOpOHHE, one-way) dbyHkuuu f(z), ecin BOCCTAHOBUTH 3HAUEHUE
b(x) mo f(z) (wrmu yragarh co CKOIBKO-HHOYIb 3aMETHOlN KOppeJsIueii) CToMb &Ke CJI0XKHO,
KaK BOCCTAHOBUTDH BCE X.

Brepsble Takoit mpeaukar Obu1 npemuoxken B [0 ans dbyskmun f(x) = a® mod p.
Bcekope ObLiu yKasaHbl TpyaHble OuThl st cucrembl RSA, nis dyskinun Pabuna (z —
— 2% mod n, e n ecth UPOU3BEAEHHE JBYX NPOCTBHIX YHCEN), a TakxKe i “Apobsiux”
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dbyukunmit Buma f*(xy,...,x,) = f(x1),..., f(z,) (em. [8]; moxasareabcTBo TeMMBL 00
u30JIsiuK, ucnoiab3yemoit B 8] npu ananmse rpyanocru 6ura, moxkuo naiitu B [9]). B [10]
peuien o0t ciydail npou3BoabHON ogHOCcTOpoHHeH dynkunu (cMm. takzxke [T 12]).

[Touemy tpymuble Ourbl Tak Baxkubl?! B |1, B| nokasano, kak ¢ ux HOMOIIBIO
MOXKHO Mpeodpa3oBaTh KOPOTKOe ciaydaiiHoe aBomvHoe cioBO (seed) B HEOrpaHUIEHHYIO
I10CJIeJOBATEIbHOCTD OMTOB, HEOTJIMYUMBIX OT CaydaiiHbiX. Eciu ogHocTOpoHHSS (DYHKIUS
/ ABIZETCA MEpeCTAHOBKOIl, TO TOAUTCSA MOCIEI0BATENLHOCTD ¢s(i) = b(f'(s)), 1 = 0,1,2,...
O6muit ciyqait paspaboran B [13)].

Takum 00pa3zoMm Oapbep MexKjy Clyd4allHbIMU M JIETEPMUHUPOBAHHBIME [IPOLECCAMU
OblT pasmblT, U B 1980-x rojgax OBLIM MOJYYEHBI MHOIHE Pe3yJIbTaThl, Ka3aBIIHeCsd
panee HembicaTEMBbIME. Cpeau HuX ob0ume TeopeMbl Kpunrorpadbun (cM., HAIpUMep,
[T4]), xoHCTpyKIMU JIOKA3ATENBCTB C HYJEeBBIM pa3riamieHueM (zero-knowledge proofs)
¥ peajiu3alys IIPOU3BOJIbHBIX IIPOTOKOJIOB B3aUMOJEHCTBUsI HE JIOBEPSIOUIUX JIPYIY
YUYACTHUKOB (Kak ObIBAET, CKA’KeM, B KADTOYHBIX MI'DAX) B BHJIE UID € NOIHOI nHMDOpMalmeii
[15)]. DToT mepuos MOKHO HA3BATH 30J0THIM BEKOM TEOPETHIECKON HHGMOPMATHKE, U OH CTA
BO3MOXKHBIM 0JIar01aps OJHOCTOPOHHUM (DYHKIHSIM.

2 Bsenenne II:
9KCTPaBaraHTHbIE BbIYNCINTEIbHbIE MOJEJIN

2.1. ITamenune RSA. 3amerum, 49TO BCe IepedHC/IeHHbIe KOHCTPYKIIMH OCHOBAHBI Ha
OJIHOCTOPOHHUX (JIEFKO BBIYUCIUMBIX U TPYIHO 0OpPATHMBIX) (DYHKIHSIX, & CYIIECTBOBAHIE
TakuxX (PYHKIUE OCTAETCs JIMIIb I'MIIOTE30, HEOIHOKPATHO IO/IBEpPraBIIeiicss pa3sHoOro po/ia
COMHEHHUSIM.

[Tepsbiit snmu30 Takoro poja csizan ¢ camum [llamupom, ognum u3 uzobperaresieit
cucrembl RSA. On mokazasn B [16], uro passoxkenune Ha MHOKUTETH (HA TPYTHOCTH KOTOPOTO
ocaoBaHa RSA) MoxkeT ObITb BBIIOJHEHO 33 MOJUHOMUATBHOE YHCJIO apuMeTHIeCKUX
neiicteuii. Ilpm sTOM KaxKmoe melicTBHe CcUYUTAaeTCd 3a OJHY OIEPaIiio, He3aBUCHMO OT
bl gucen (“unit-cost model”). Tlpu Bo3BeJeHHN B KBaJApAT JIMHA YHCJIA Y/BAHBACTCS,
U IIOBTOPHOE BO3BEJEHME B KBaJpar OBICTPO MPUBOJMT K UHUCIAM KOCMOJIOIMYECKOIO
pasmepa. OHO TaKoe YUCI0 MOXKET KOJANPOBATH JANHHBLINA MAaCCUB OOBITHBIX UHCEs, U OTHOI
OIepalnuy COOTBETCTBYET GOMBINON 00beM paboThl (HAIPHME]D, TPOBEPKA IKCIIOHEHITHATBLHOTO
qHCTa BO3SMOXKHBIX Jeauresteii). Anropurm [Ilamupa He mpou3Bes BIeYATIeHHs Ha KOCHBIX
KpunTorpadoB: OTBEPrHYTON OKa3aJjiaCh BbIYUCAUTEIbHASI MOJE/Ib, UTHOPUPYIOLIAS JJIMHY
quces, a He RSA.

Jlpyrast He JMIIeHHas CXOJACTBa araka Ha RSA mpoumcxoamr B HACTOSINEE BpeMs
U HadajJach C 3aMedaresbHOro pesyiabrara l[lurepa Illopa. O mokazas, d9TO MOXKHO
pasjiaraTb 4UC/Ia HA MHOXKHTEIU 3a IMOJHHOMHUAJIBLHOE BpPEMs, HCIOIb3ysd BOOOpParKaeMble
AHAJIOIOBBbIE BBIYMC/INTEbHBIE MAIIMHBI, HA3BAHHbBIE KGAHMOBLLMU KOMNLIOMEPAMU. DTH
MAIIMHBI TO/JCKA3aHbI 3aKOHAMU KBAHTOBOM (bu3MKK (JI0OBEJAECHHBIMU JI0 KPAHHOCTH).

2.2. KBaHTOBBIE KOMOBIOTEPHI. KBaHTOBBIII KOMIBIOTED COCTOUT U3 N
B3aUMOJIEHCTBYIONIUX SJIEMEHTOB, Ha3biBaeMblX kybumamu (q-bits). Kaxkapiii w3 Hux
SIBJISI€TCA KBAHTOBOH CHCTEMOIl; €e YHCTble COCTOSHHUs IIPEJACTABJISIOT COOON eTuHUIHbIE
BEKTOPbl B JIByMEPHOM KOMILIEKCHOM npocrpancrse C2?; jiBe KOMIIOHEHTbI BEKTOPa
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HPEJICTABILAIOT cODOM aMILIUTY bl ABYX Oy/IeBCKUX 3HadeHuil. CoCTOSIHUE CUCTEMBI B IEJIOM
npejcTaB/asieT cOoOONH BEKTOP B TEH30PHOM IMPOU3BEJICHUH N JIBYMEPHBIX MPOCTPAHCTB. B
9TOM MPOUM3BEJIEHUH eCThb 0as3uc u3 2" BEKTOPOB, SIBJISIONIUXCS MPOU3BEICHUAME OA3UCHBIX
BEKTOPOB coMmHozkuTe eitl. Kaxk/plit 0a3ucHblii BEKTOp, TaKUM 00pa3oM, COOTBETCTBYET
JIBOUIHOMY CJIOBY JJIMHBI 1. KBAHTOBBINI KOMIIBIOTED OXJIAZKJAIOT, U30JUPYIOT OT BHEIIHEro
MHpa IOYTH HJIEAJHHO U IOMEIAI0T B Oa3UCHOE COCTOSHHE, B KOTOPOM YacTh OHUTOB
oOpa3yeT BXOJHOE CJIOBO, a OCTaJbHble OWTBI PpaBHbI HYyJaO. Jlamee mpousBoaUTCH
BBIYUC/IEHUE, COCTOSIIIEe W3 II0C/IEI0BATEIbHOTO MPUMEHEHUs] UJICAJbHO O0PATUMBIX
npeobpa3oBaHuil, COOTBETCTBYIONMX B3aumoeiictBuio kyoutos. I[lomydennoe cocrosinue
MOZKeT OBITh CYNepIo3uIueil HeBOOOpa3uMO OBICTPO PACTYIIEro YHC/Ia 0A3MCHBIX COCTOSHUM
C JKCIOHEHNHAJbHO MaJBIMU aMILTATYJaMu. B3amMmopeiicTBue ¢ OKpyzKalomieil cpenoit
MOXKeT BHOCHUTH OINMOKHU, IIO9TOMY BBIYHC/ICHHE IPEIyCMAaTPUBAET KOPPEKIUIO STUX
ommnboK (BO3MOXKHYIO, €C/Ii OMMOKH PEJAKU W UMEIOT CleluasbHbli BU1). B octasbHOM Mbl
[0/IaraeMCs Ha 3aKOHbI KBAHTOBOW MEXaHUKHU, CIUTAS UX BHIMOJTHEHHBIMU C HEOTDAHUICHHO
touHocTbio. llocmennee mpejmnonoKenue BecbMa CYIHIECTBEHHO, IIOCKOJBKY AMILIATY/IbI
SKCIOHEHIHAIBHO MAJIbl U OTKJIOHEHHsI B COTOM (HJIH JiazKe HAMHOTO DoJiee JaeKOM) 3HaKe
[OC/IE 3AIIATON MOT'YT MOJTHOCTHIO U3MEHHTD XOJI BbIYHC/ICHHS.

B [T7] noka3aHo, 910 TaKue KOMIIBIOTEPBI MOI'YT BBINOIHSITH PA3JI0KEHHE HA MHOZKHUTETH
3a MOJIMHOMUAJIbHOE BpeMs. Vcmonb3ysa rpyOyio aHaJIOruio, MOXKHO CKa3aTh, 9YTO KazKIasd U3
9KCIOHEHIIMAIBHOTO YUC/Ia KOOPJAUHAT MPOBEPSET JEJIUMOCTh HA COOTBETCTBYIOIIEE YUC/IO, U
AMILIUTY/Ibl KOHIEHTPUPYIOTCS B TE€X KOOPJMHATAX, KOTOPBIE COOTBETCTBYIOT JI€JIUTE/ISIM.

2.3. Manenbkue TtpyaHocTu. llonbiTka pean30BaTh KOMIBIOTEPHI OMUCAHHOTO
BU/Ia CTAJKUBAETCs ¢ Maccoit mpobsiem. Ckakem, TPY/HO HPEJICTaBUTH cede UIeaTbHYIO
TEPMOU30/ISAIUIO, HE TOBOPS yzK€ O 3aluTe OT HeHTPUHO, T'PABUTAIMOHHBIX BOJH W
TOMY TIOJIOOHON SK30THKHW; HX BJHUSHUE HA KBAaHTOBBbIE AMILIUTYIbI HE 00g3aTe/IbHO
YJIOBJIETBOPSIET YCJIOBHSM, OT KOTOPBIX 3aBUCUT KOppeKIus omudbok. bosmee Toro, jgaxke u
K/JIACCHYEeCKHe BBIYUCICHUs 0e3 pacCcesHHusd Tella OCTAIOTCA TUIIOTeTHYECKUMHU, XOTS IIPO
HUX TOBOPST YK€ HECKOJbKO JIECATUJIETUIH, & B BOOOPAKAEMbIX MUPAX € MCKYCCTBEHHBIMU
3aKOHAMU B3aUMOJIEHCTBHUS UX CYIIECTBOBAHUE JazKe JO0Ka3aHO. B peajbHOM Mupe, rje
HaM JIOCTYIIHO B OCHOBHOM JIHIIIb 3/IEKTPOMArHATHOE B3aUMOJEHiCTBIE MEK/y JeKTPOHAMM,
sapamu 1 HOTOHAMHE, TAKOTO POJIA CXeMbl (MIPOU3BOJSIIIE GOMbIINE BHIYUCTEHHST ¢ MAJIbIM
TEIIOBBIIETIEHIeM) OCTAIOTCs CIEKYJSATHBHBIME. [109TOMY MOHHKEHHE TeMIEepaTyp HMeerT
npejes, a jgazxke u HeOOJIbIIOE KOJUYECTBO TEILIA MOYXKET CHJIbHO HAPYIIUTH KOT€PEHTHOCTD.
Boutee Toro, HekonTposimpyembie crerneHn cBOOObI MOIyT ObITh 0OJIee ONACHBI, Y€M ITPOCTOE
HarpeBaHue: KTO 3HAeT, K 4YeMy MOyKeT MpPHUBECTH HUX B3auUMOJEHCTBUE € TOHYAaiIIe
CKOPPEJUPOBAHHBIME COCTOSHUSIMU KYOUTOB?

2.4. 3a cotuu nudp ot 3anaToii. Bee 3ro userouku. OcHoBuast mpobdsiema jipyrast: B
TpeboBaHUHU, YTOOBI 3aKOHBI KBAHTOBOI MeXaHHKHU OBLIU CIPABEIIUBLI C TOIH (haHTACTUIECKOI
TOYHOCTBIO (COTHH, €CJU He MUJUIHOHBI 3HAKOB IIOCJE 3alsiToii), KOTOpas HYKHA s
KBAHTOBBIX aropuT™MoB. Pu3nuku He 3HAIOT HU OIHOIO 3aKOHA, KOTOPbIN ObLII ObI CIIPABEITUB
C TOYHOCTBIO JIO HECKOJBKHX JIECATKOB 3HAKOB. Kak ydur wucropusi (DU3MKM, KarKjbie
HECKOJIBKO CJIE/IYIONUX 3HAKOB TPEOYIOT HOBBIX TEOPHUil U IMePeOCMbIC/eHHs Oa3UCHBIX
noHATui. MoKeT, Ipu TaKOM ypOBHE TOYHOCTH HAJIO0 CUYATATH KBAHTOBBIE aMILIUTY/bI HE
KOMILJIEKCHBIMH YHUC/IaMH, & KBaTePHUOHAMH, PacCKpalleHHbIMU IpadaMu W I'pPeMInHAMA
C 4YepHbIM IOMOPOM. .. ¢l nomoszpesato, 4ro Hu3uku ¥ B 3aKOHbI apuPMETUKH-TO C TaKON
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TOYHOCTHIO He BepsT. (Ha camoMm jeie Mbl jJazke 3HAeM, YTO OCHOBHbIe 3aKOHbBI (DUBHKH He
MOTYT BBIMOJIHATHCA ¢ TAKOH TOYHOCTHIO, MOCKOJIbKY OHU HAYUHAIOT MPOTHBOPEYUTH JAPYT
apyry!)

M BoobmIe, Kakoit Moxker ObITh dusmdeckuii cmbica B 5H00-3naunom uucie? Ilycrb
Mbl roBOpuM: “B 3TOM dliyKe XpaHATCHd KyOUTbI, KOTOPbIE COJEPKAT TEKCT JIeCATU
3amoBejieil, ¢ aMIIUTYI0ii, B KOTOpO#l Tpu JecaTwudHble Mudpbl, HAYMHAsA C MATUCOTOM,
paBubl 666”. EcTh m XOThb Kakoii-TO busmyeckuii cMbIC B HameM yTBepxKiaenun?! BEcan
COCTOSIHUE CUCTEMBbI O/IM3KO K OAa3MCHBIM BEKTOPAM TEH30PHOI'O IIPOU3BEJIEHUS, TO MOXKHO
HAIEAThCs 1epedOPMyJIMPOBATh YTBEPKICHNE, 3aMEHUB JIMHHYIO JIECATUIHYIO JIpOOb Ha
HECKOJIbKO KODOTKHX (KOTOpBIE YK€ MOMKHO H3MepsiTh). UT0-TO OCMBICICHHOE MOYKHO
BOOOpA3UTh i OOJIBIIMX CHCTEM THIIA J1a3epOB MM KOHJIEHCHPOBAHHBIX COCTOSHHUIA,
IJie OTAEJbHBIMU COCTOSHHSMHU MOXKHO IpeHeOpedb. Ho pasjioxkenue Ha MHOXKHUTEIH C
IOMOIIBI0 KBAHTOBBIX KOMIBIOTEPOB CYIIECTBEHHO HCIOJb3YeT 3SKCIOHEHIMAJIbHOE YHUCTIO
1y1yDOKO MHJIUMBHJIYAJbHBIX COCTOsiHUiT. MHE Tpy/HO HpejCTaBuTh, Y€M B TAKOH CHUTyalnuu
MOZKHO 3aMEHUTh O0Iee U MPsIMOe IPeJICTaB/IeHue aMILIUTY/] ¢ HeBOOOPA3UMON TOYHOCTHIO,
pa3Be 4TO cAeaaB uxX Oosee “dusnmueckumu’ 3a cueT BbIOOpa MeHee (hH3UUECKOro Oasuca.
Paccmorpum sTor momxon 6osee moapoOHO.

2.5. Kak majsa BcesienHasi. CTOPOHHUKHM KBAHTOBBIX KOMIIBIOTEPOB YacTO I'OBOPSIT,
YTO TaK WK MHA4Ye MbI OY/JIeM B BBIUTPBIIIE: yIacTcs JHOO0 ¢aelarh padoTAIONUil KBAHTOBDIM
KOMIIbIOTED, OO YyTOYHUTH 3aKOHbI KBaHTOBON Mexanuku. Hampumep, II. [op B [I§]
TOBOPHT:

Ecin B kBaHTOBOU MexaHMKe MMEIOTCd He/uHelHbie 3PdeKTbl, KOTOpble MOK-
HO OOHAPYKUTh, HAO/II0/Iasl 38 HEUCIIPABHOU pabOTON KBAaHTOBBIX KOMIILIOTEPOB,
dusukn BECBbMA saunrtepecyiorcss umu (st 661 oxkugan HobeseBckoit npemun
3a ybeuTebHOe CBUIETENBCTBO TaKuX 3(PdEKTOB).

Paccmorpum, ojiHako, JApyroii BapuaHT: HaAM yjlaeTcs C/ejaTh KBAHTOBbIE KOMIIbIOTEPbI
U3 HECKOJIbKUX KyOMTOB, paboTaioiiue B coorBercrBun ¢ Teopueit. C pocTom dmc/ia KyOuTOB,
OJ/IHAKO, TaKue KOMIIBIOTEDPbI CJIe/IaTh BCE CJIOYKHEe, W IIPOIPEecc OCTAHABJIMBAETCS 3aJ10/110
JIO TOTr'O, KaK KBAHTOBbBIE BBIUYHUCICHUS CIIOCOOHBI CONMEPHUYATH C BBIYHCICHUAMH Ha 000poTe
crtaporo KousepTa. [losromy pasnararb OosblIe 4HC/Ia HAa MHOXKHUTEJIH MBI HE MOXKEM.
MozkHo s xoTst Obl IpeTeH/1I0BaTh Ha 0OJIee M MeHee JOCTOUHYIO PEeMUIO 3a HMOIPABKU K
KBAHTOBOW MexXaHUKe?

O 1HAKO HArpazKAAMIMKi KOMUTET 3aX04eT YBUIAETh YTO-HUOYAb 00/Iee KOHKPETHOE, YeM
pOCTO HepabOoTAIONUl KOMIbIOTED, — HAalpUMeEp, siBHOE yKa3aHUEe COCTOsSIHUS, B KOTOPOM
on Haxoautcd. Ho Bcex pecypcoB BcesieHHO#T OKa3bIBACTCA HEJOCTATOYHO, YTOOBI U3MEPUTH
HEOOXOIUMOe IHCI0 KOOPIUHAT ¢ HeOOXOAUMOH TOUHOCThI0. (OCTaeTcs JHIlb HAJEATHCS HA
HobGenieBckyio npemuio 1mo 9KOHOMHUKE, €CIu yJAacTcs coOparh JeHbI'W, HEOOXOJMMbIe JIJIsi
PA3JI0ZKEHUsI [ TU3HAYHBIX YUCEJI Ha MHOKHUTEJU C IOMOMLIBI0 KBAHTOBBIX KOMIIbIOTEPOB!)

CrenaeM HEKOTOPBbIE OLEHKH, O0DO3Ha4as depe3 ~mn HeOOJIbIIne CTEHeHd 4YuCaa n.
Y kpunrorpadoB YucIa, HOJJIEKAIINE PA3/IOKEHUIO HA, MHOKUTE/IH, MOTYT UMETh ThICS49H (a
JIEPKO BO3MOZKHBI ¥ MIJLTHOHBI) 6uToB. [IpocTpancTBo cocrosiauit H pasmepHocTu 27" mmveer
npuMepHO 227" nowmu OpTOroHAJbHBIX JAPYT JAPYTY BEKTOpoB. PaccMoTpmM amement v € H
obrero mosiozkenusi (Oy/1eM Ha3bIBATH TAKHE BEKTOPHI “MeracocrostuusMu”). MuHuMa bHbI
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pasMep MAIlMHbI, KOTOpas MOYKET MOPOJUTDH WM PACIO3HATDH U, UMeeT MOpsaaoK K = 27" —
3HAYMTEAbHO OOJIbIIE, YeM BCeJeHHas. B caMom jiesie, JOCTATOYHO HMOCUYUTATH MAIIHHbBI
u3 K aromos: ux npumepno 2~K.

Ecrb npunmunuaibHas pasHUIAMHU MKy He HaOJIIOJABIIAMECS W HPUHIUIHAJIBLHO
HEHAOJTI0/IaeMBIMU BeIaMU. Y TBEPK/ICHUS IIPO OTJAEIbHBIE MEracOCTOSHUs HEeHAO/II01aeMBbl.
MozkHO mpejacTaBUThL cebe Crocod OTIUYHUTD JIBA MEracoCTOsSHUA dpyz om dpyza, HO — KakK
IOKA3BIBAIOT CJIeJIAHHBIE ONEHKH — HeT BO3MOXKHOCTH OTJETUTh JaHHOEe COCTOstHhe (00IIero
OJIOZKEHHsI) OT BCEX JIAJEKHX OT Hero ¢ TOil CTEeHeHbI0 TOYHOCTH, KOTOPasi CyHIeCTBEHHA
JIUIS TIOBEJIEHMST KBAHTOBOI'O KoMIbioTepa. Kakoif, B TaKOM CIydae, IKCIHEPUMEHT MOXKET
IIOJITBEP/IUTH MPABUJIBHOE COCTOSIHIE KBAHTOBOrO KommbioTepa? (/laske MbICTeHHBIE — B
IPE/IIOJIOZKEHIH, 9TO MbI TIOJb3YeMCsl PeCyPCaMi BCell BCeJIEHHOM, Ho He boaee!)

Eme Apxumen oTKpbLT, 9TO mudpoBas ¢popMa MpeICTaBIeHns IUCe] SKCIOHEHIIHAILHO
sddexTuBree ananoroBoil (Kyun necka). BriocieacrBun pasmyanbie aHAJI0rOBbIE YCTPOCTBA
PEIKO OKa3bIBAJMCH BledaTdomuMu. HesicHO, modeMy KBAHTOBbIE KOMIIBIOTEPHI JIOJIZKHbI
OBITH HCKJIIOYEHUEM.

2.6. Merpuka mam tomosiorus? ['0Bopsd o NpuOIUKEHUAX K COCTOAHUAM CHCTEMBI,
MBIl OOHApY:KHBaeM, YTO B KBAHTOBOIl MeXaHHKE OTCYTCTBYET aJIeKBATHBINA (opMaIn3M.
Ecrb ToHKOE pasimane Mexk1y NpuOJIHKEHHSIMA B CMbIC/IE METPUKA U TOHOIOIHU. MeTpuka
POBOPHUT O TOM, HACKOJIBKO OJHO (XOpoliee) cocTosiune BIu3K0 K cruenuduaeckoMy JIpyroMmy
(mutoxomy). Tonosorust numeer Jea0 ¢ GJU30CTHIO XOPOIIEIO COCTOSIHUS K COYETAHHIO BCEX
HenpueMyieMbIX (“He OKDPEeCTHBIX”) COCTOSHUN, W 9TO HE 00s3aTeIBHO TO JKe CaMoe, YTo
paccrosHue J0 OJUKAUIIero IJIOXOT0 COCTOSHUS, OCOOEHHO I KBAHTOBBIX CHUCTEM.

B 0OeckonedyHoOMepHBIX HPOCTPAHCTBAX €CTh Pa3HbIE CIOCOObI OTJIMYATH KOHEYHYIO
Pa3/IeJIEHHOCTh TOYKH M MHOXKECTBAa OT HYJIeBOW (pas3mble Tomosioruu). B KoHedHOMEpHOM
ciaydae ¢ QOPMAJbHON TOYKH 3PEHHsSI TaKOIO pPa3/indhsi HET: BCE TOMOJOIMH COBIALAOT.
Oanaxo gmcnaa mopaaxa 2°%° MOKHO CYHTATH KOHEUHBIMH JIHIIb B BechbMa (PHI0COMCKOM
CMBICTIe, W OBLIO OBl 2KeJIaTeJIbHO BBECTH HEKOe IOHATHE CJIabOTOMOJOITYECKON 24y0uHbl
OKPECTHOCTH, IOJUHOMHAJIBHO CBI3aHHOE C PecypcaMu, HEOOXOAUMBIMH JIJIS JTOCTUHZKEHUS
910if rayOunbl. [Ipyw 3TOM TOYHOCTH, COOTBETCTBYIOIIAsl PA3yMHON TIIyOMHE, JOJIZKHA
ObITh DU3NIECKH JOCTUAKUMON (BO3MOXKHO MOPOXK/JIATH TOYKH BHYTPH COOTBETCTBYIOIIEH
OKPECTHOCTH, OTJIEJISATH MEHTP OKPECTHOCTU OT TOYEK, B HEell He JIeXKAIINX, U T.1.).

Nmest GyHKIUIO PACCTOSHS, MBI MOZKEM TOBOPHTH 00 £-OKPECTHOCTSAX (YTO HEBO3MOYKHO
B TOIIOJIOTHH, TJIe KOHKPETHOE 3HAYeHHE & OTCYTCTBYET, M3BECTHO JIUIIb CYIIECTBOBAHUE
Hekoroporo £ > 0). OgHaKO £-OKPECTHOCTH B METPHYECKHX HPOCTPAHCTBAX HEU30eKHO
00/IaJAI0T TAKUM CBOHCTBOM (KOTODOE MOXKHO HA3BaTb “aKCHOMOW mepecedeHus:”):
nepeceveHne 00600 MHOMKECTBA E-OKDECTHOCTed (Opu JaHHOM €) eCTh E-OKPECTHOCTb.
['oBopst 0 6iM30CTH B MPOCTPAHCTBE COCTOSHUN KBAHTOBOM CHCTEMBI, MBI MOXKET 3aXOTeTb
U3MepsATh IJIYOMHY OKPECTHOCTH YHCJIOM, He IOJYUHAdAChH aKCHOMe Iepecedenus. Bor
IPUMEDP TAKOrO pojia u3MepeHust (He HpeTeHLyolnil Ha IPUTOAHOCTD Jisl HAIIKUX IeJiei).
[Tpei10/102KuM, 4TO OKPECTHOCTD HYJIsd 3aaeTCs CUCTeMOil JiuHeiiHbix HepaBeHCTB fi(x) < 1;

Torjga ee riybuHoit cumraercs uauciao 1/ | fi|l, xors orpammdenume touku x cdepoit ¢
5
ruas0epToBoil HopMoi 1 caenano Obl 9Ty IyOMHY KBAJAPaTUIHO CBA3AHHON C pamycoM

OKPECTHOCTH.
Bosmoxkno, 4ro 0Oosiee OCMBICIEHHBIHT € TOYKH 3peHusd (HUBMKH I10JIX0JI MOZKHO
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IOy IUTh, €CJH YYUTHIBATH HAJMYUE CIEIUATBHOrO 6a3uca (COCTABIEHHOTO W3 TEH30DHBIX
IPOU3BeeHuil).

2.7. He mupogemnieButsb! Pazjoxkenne Ha MHOXKHTEIX € IIOMOIIbIO KBAHTOBBIX
KOMIILIOTEPOB KazKeTcs MHe Hay4Hoil danractukoit. MoxKHO JiMlIb COXKaJjeTb, 4TO B
HOILY/IAPHBIX 0030pax OHO HE OT/e/sAeTCs OT 0oJiee peaJTuCTHIHBIX ITPeI0KeHUl — KBAaHTOBOM
Kpunrorpaguu, KBaHTOBOW HH(MOPMAIMH, & TaK»Ke KBAHTOBBIX BBIYHC/ICHUI, B KOTOPBIX
CYIIeCTBEHEH HeJOKATbHBIN M10cTyl K uHbOopMaun (HanpuMep, ObICTPbIil TOUCK B GOJIBIINX
MACCUBAX).

Citestyer OTMETHTH TaKKe, 9TO (DYHIAMEHTAJIbHBbIE ITPUYNHbBI, PEIATCTBYIONe padore
KBAHTOBBIX KOMIIBIOTEDOB, OIIPEJIEJIEHHO HE $CHBI U 3aC/TyZKHBAIOT CEPbE3HOr0 U3ydeHUs.
[lonp3a or Hero MoxKeT OBITH OOJIbIIE, YeM BCSI MBICIAMAadA I0JIb3a OT OBICTPOrO
pasJyiokenus Ha MHOxKHTeIU. [IpegacraBbre cebe, 4TO 3HAMEHUTHII JeMOH MakcBesia B cBoe
BpeMsi PeKJaMHUPOBAJICS Obl KaK MEPCHEeKTUBHBINA CHOCOD IMOJIydeHUs SJIEKTPOIHEPIUuu u3
okpyzaromiero remsia!l BeposaTHo, B TaKOM C/ydae COBPEMEHHAs TEPMOIMHAMUKA MTOsIBUIACDH
Obl 3aMETHO O3KeE.

B ocraBmieiics 4acTtu crTarbu MBI HE pacCcMaTpUBaeM SKCTpaBaraHTHLIE MOJE/IN
BBIYUCIEHAN U TBEPAO IPHUAEPKUBAEMCS ‘TOJHHOMHUAIBLHOIO Te3uca Yepua—Ibropunra’
Jioboe  Bbruucienue, Tpebdyromee t TakTOB paboTbl  S-OUTOBOIO yCTpPOHCTBA, MOYKHO

MOAEJIMPOBATh Ha MalIUHE TbIOpI/IHFa 3a SO(I)t m1aroB C aMdATbIO SO(I).

3 lloaBoxu ycpenHeHuUs

Cama no cebe TpyaHocTb obpainenust GyHKIUH B Xyjamem ciydae (Ha caMOM TDY/JHOM
BXOJIe) elle MaJo 410 3Ha4duT. [IpencraBum cebe, HAIpUMED, YTO BCE BXOJBI JIEJISITCS
Ha ‘“sterkue” u “rpyaubie”. Jlerkue Bxoapl x Tpebyror spemenn ||x||?> auas obpaborku;
a TPYJHBIE — 3KCIOHEHIUAJIBLHOI'O CpPEJIHEro BpPEeMeHH kak 0ad 0bpabomku, mak u O0AA
HAT09cOenUA BePOITHOCTHBIMU aJrOpPUTMaMH. B TakoMm cirydae BcesleHHAs CJIUIIKOM MaJia,
4TOObl OPOJUTH HPUMEDP, KOTOPbI Mbl HEe MOXKEM peliuTb, u obpaileHue (HyHKIUN He
HPEJICTaB/ISIeT TPY/IHOCTENH Ha IPAKTUKE.

Ha npakruke BazkHa TpyHOCTH OOpalleHus B “TUln4HbIX ciy4dasx’ . IMenno ona memaer
pa3paboTInKaM aJrOPpUTMOB U JieJlaeT BO3MOXKHBIME Pa3Hble KpUNTOorpadudecKue Iyaeca.
Ho xoppekTHOe omnpeaenenne “TUNHIHOCTH — BeIlb JOBOJHLHO TOHKAS.

3.1. Las Vegas-anropurmsi. [Ipex e Bcero Ha1o JJOroBOPUTHCSA O CIIOCODAX U3MEPEHU
“3cpdexrunocrr”  ajgropurma obpaienus. Ajropurm obpaiienus A(x,«) nojaydaer Ha
BX0J| 3HaueHue r = f(w) obpamaemoit GpyHkuuu f Ha HEKOTOPOM HCKOMOM W, & TAKZKe
nocjie/10BaTeIbHOCTL  ciayuaitubix 6utos o € {0,1}N. Ecim peun mper 06 obGpauenun,
KOI[/Ia MBI MOXKEM IPOBEPHTH OTBET MOJCTAHOBKOW, HAM HET HEeOOXOJUMOCTH 3aD0TUTHCS
O HEBEPHBIX OTBeTaX, W MOXKHO IIPeJNoJaraTb, UTO AJTOPUTM JUOO TaeT BEpPHBLI OTBET
(ouH 13 MPoOOPA30B IEMEHTA T), JUOO HE JAeT HUKAKOIO OTBera (BO3MOXKHO, HHKOIJIA
He ocTaHaBuBaercs). Takue aaropurMbl Ha3piBaloT Las Vegas-asropurmamu.

DbdekTuBHOCTH PAbOTHI  AJTOPUTMA HA JAHHOM HPUMEPE T W3MEpPSeTcs JIBYMsI
napaMerpaMu: 006emom V BBIYUCICHUA® U 6EPOAMHOCTGIO Py (OTHOCATENLHO (v) YCIENIHOTO

3Mer rosopuM “o6beM”, a He “BpeMms”, HMMes B BIIY BO3MOYKHBIE MOJEIH BBHIYHCICHHH ¢ HEOrPAHTICHHEIM
MapaJiIen3MOM.
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obpammennsg 3a V' maroB. DT mapaMeTpbl CBA3aHBI JIPYT C JIPYTOM: MOYKHO YBEJUYUTH
BEPOSITHOCTh yCIeXa P 3a CYeT HOBTOpeHusi A 1mpu pa3HbIX HE3ABUCHMBIX (v MPH ITOM
oruomenue V/p (tounee —V/log(l —p)) menserca maso. Ilosromy Kazkercst pasyMHbBIM
(kak 910 9acro W jesaercs) (GUKCHPOBATH 3HAYEHHWE P U TPebOBaTH, YTOOLI AJITOPUTM
BBIJIABAJ BEDHBIl OTBET, CKaxKeM, ¢ BepOATHOCTbIO 1/2 wiam Gosbime. OJHAKO TPH 3TOM
BO3HHUKAET TPY/IHOCTB: OIEHKA BEPOSATHOCTH p W HEOOXOIMMOTO YHCJA IMOBTOPEHUN MOZKET
0TpebOBATh IKCIOHEHIHATBLHOIO 00beMa (B XY/LIEM CIydae), W MOTOMY HMEET CMBICIT
POBOPUTH JIMII O CPeJHeM 00beMe Bbraucienuii (i GuKCHpOBaHHO BEPOSTHOCTH yCIexa).
[TosgepkHeM, 9TO ycpejHeHHe BBIIOJHAETCS JHIIb [0 BHYTPEHHUM CJIydailHbiM Outam (T.e.
110 (v), BXOJI & BBIOUPAETCsl IPOTUBHUKOM. [IpH TAKOM MOJXO0/Ie iBa ITapamMeTpa, sl K3MepeHHst
3 dEKTUBHOCTH U3IUIIHA: YBEJTMIEHH BEPOATHOCTH MOXKHO JOCTHYD 3 CUET YBeJIHYeHUs
cpeiHero oobeMa u Hao60poT (ITOOBI YMEHBIIUTh CPeJHUT 00beM, JOCTATOYHO BBIIOJHATDH
obpallieHre JIMIb ¢ HEKOTOPOIl MaJIoi BEPOSITHOCTHIO).

MoxkHo 1ot JApyruM ImyreM U HOPMAJIM30BaTh HE BEPOSATHOCTb YCHEXa, a CpeJHuil
obbeM Boruncienuii. [Ipu 3ToM MBI n3beraeM HAKIATHBIX PACXOI0B HA OIEHKY BEPOSITHOCTH
ycllexa U yYMEeHBbIIEeHUs MOMYISPHOCTH U3-32 KOMOMHUPOBAHWS HECKOTbKHX IIPUMeHeHU
asropuTMa. EcTb, omHaKo, O0Tee BazKHBIE apIYMEHTHI B MOJIB3Y TAKOTO IMOAXO0/IA: ITPeICTaBUM
cebe, HAIIPUMED, YTO pa3/IM4YHble ITPOOOPA3bl JAHHOI'O 3HAYEHUs OJHOCTOPOHHEeN (byHKIUU
uMerorT pasHoe (i TpyJHO cpaBHEMOe) “kKadecTB0’. OrpaHmYeHHsi Ke CpeJHero obbema
BBIYUC/IEHUS] UMEIOT BIIOJIHE sICHBIH CMbICI. Jl1si KOHKPEeTHON MOJie/in BBIYUCICHUH MOXKHO
dbuxcupoars O(1)-rpanuny st o6bema; ecau Ke Mbl XOTHM paboTaTh € PasTHIHBIMU
pPa3yMHBIMU MOJIETIIMU, MOXKHO OTDAHUYUBATH CPEJIHUN OObeM BBIYHCIAECHUIT MHOTOUYTIEHOM
OT JUIMHBI BXOJA (IIPH TOM JiIsi PA3HBIX AJIrOPUTMOB MOXKHO OpaTh Pa3Hble MHOTMOYJICHBI).
Tyr, ogHAKO, BO3BHMKAET MPEIATCTBUE: MHOXKECTBO AJTOPUTMOB C JAHHBIM OIPAHUYCHUEM
Ha Cpe/IHuiT 00'beM BbIUUC/IEHUN He sBJISIETCS PEKYyPCUBHO nepeducauMbiM. [Ipeogosiers sty
TPYAHOCTH MOYKHO C MOMOIIBIO CJIEIYIONIEro MOAX0d, TAaPAHTHPOBAHHO OTPAHIMIHBAIONIETO
cpeaHuii 00beM BBIYHC/ICHHIA.

Ounpenenenune 1 Las Vegas-aneopumm A(x,a) us xaacca LV (D) nawunaem pabomy,
anas 3apanee epanuyy b(r) wa donycmumwd obsem ewwucaenud. Ipu smom 6 060l
MOMEHM, AA2OPUMM UMEEM NPAGO NOCMABUMD “Ha KOH~ A100Y10 4acMb 0CMABUE20CH 0DBEMA;
ecau on npouzpuieaem (4mo onpedesiemcs caedyuum cayualinom bumom «), mo ama
Yacms nponaoaem, ecal dHce on suluzpuleaem, mo ona yosausaemcs. Q0viuno docmamowHo
paccmampusams xaace LV(O(1)), komopuiti mo, 06osnauaem npocmo L.*

Hecmorpst na xkecrkoe O(1)-orpanuuenue, L-ajropurMbl JOCTATOYHO [PeICTABUTEIb-
ubl: J060i Las Vegas-ajaropurm MOKHO npusecTd K Bujy u3 L, coxpansis (B OCHOBHOM)
OTHOIIIEHHE MEXKJIy CJIO?)KHOCTBIO M BEPOATHOCTBIO ycrexa. FEcjim p — BEpOSATHOCTH yCIIexa
st L-anroputma, BeqmduHa 1/p COOTBETCTBYET YHCTY HOBTOPEHHI, HEOOXOJAUMOMY sl
JIOCTUKEHHS yCIlexa ¢ (PUKCHPOBAHHONW BEPOSATHOCTHIO, W IMOTOMY HIPAeT POJIb BpPeMeHH

4910 “L” moxkno mpomsnocuTh Kak “Las’, umes B Buay Las Vegas, a Taxaxe Laszlo Babai (koropbrit
upuiyman naszsanue “Las Vegas-anropurmbr”). [loguepkuaem, 4ro peub He uiaer 06 OLUpeeeHu 04ePeaHoro
CJIOZKHOCTHOI'O KJIACCA: MbL OIHUCBIBAEM HEKOTOPYIO OIPEJEJIEHHYIO (opMYy aA20pUumMMO8, a HE KJIACC
anropuTMoB miau (4To eme 6ojiee abCTPAKTHO) KJACC 3a7ad, Pa3PElIUMbIX C MOMOIIbI0 AJrOPUTMOB
HEKOTOPOTO kJjacca. Ormermm, 4910 mo cymecTtBy TpeboBanme L He sABIgeTCHS OCODEHHO HOBBIM: OHO
pecTaBIsger coboit uinh HeOobIinoe ycurenue obmeit uaen Las Vegas-anropurma.
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paborsl anroputMa. [Ipm 3ToM umTaTenhb, He KeJaOMUNl BAABATHCA B JIeTAIH BHYTPEHHETO
YCTPOMCTBA KOMIILIOTEPOB, MOXKET NPUHATH L-aJropurMbl KakK HEKYIO JAHHOCTb U BECb
JlaJIbHER NN aHAJIN3 TTPOBOAUTD UCKJIIOYUTE/IHHO B TEDMUHAX TEOPUHU BEPOSTHOCTEIH!

3.2. Omenka BpeMeHH B TepMUHaX MyJabruMeauan. Ham ocrasoch pazoOparbes
c Oosee CI0XKHOW TPOOJIEMOl — ycpeaHeHHeM IO BO3MOXKHBIM BxojgaM x. Onpejesienue
CJI0ZKHOCTH Kak cpejnero snadennst B t(z) (mis anropurma, Jenaromiero () maros Ha BXoJe
x) BechbMa HeycToitunBo. B camom jesie, npu mepexoje OT OJHOM BbIYUCUTENBLHON MOJE/ 1
K JIpYroit BpeMmsi paboTbl MOzKeT BO3BECTHUCh B KBaJipar. TakoBa cuTyaliusi, HallpUMep, C
pacrmo3HaBaHUeM CHMMeTPHH BX0/Ia: HA OTHOJIEHTOYHON MaIllnHe OHO TPeOYyeT KBAAPATHIHOTO
BpeMeHHU, a Ha JABYXJIEHTOYHOI JocTarodHo JuHeitHoro. llpencraBum cebe, 9To moaoOHasd
CUTyalus UMeeT MeCTO JII 3HAYUTe/JIbHO Oojiee Me JIeHHbIX ajaroputmosB. [Iycrs, Hanpumep,
spems t(r) paborThl agropurMa pasHO ||z||* s Beex BX0J0B, KpoMe COCTOAIIUX U3 OJHUX
nysieit, a Jyig © = 0" paBuo 2" B 0/iHOI MoJie/iu Bbluucienuii u 4" B apyroit. bByjem cuurars,
4910 Bce 2" BXOJOB JAHHON JTMHBI N DABHOBEpOATHBI. Torga cpeanee 3uadenne B, t(z)
OyZeT NOJMHOMHUAJBLHBIM B OJHON MOJETN W SKCIOHEHIWAJbHBIM B JIPYTOi: yCpelHeHue
HEe KOMMYTuUpyeT C BO3BeACHUEM B KBa/paT. K TOMY 2K€ 39Ta IKCIIOHCHIUAJIbHAA OLECHKA
CJIOZKHOCTU HA, CPEJHEM BXOJI€ HE MMeeT MPAKTUIECKOH HEHHOCTH, MOCKOIbKY BEPOSTHOCTH
HOSIBJIEHUSI CJIOZKHOTO BXOJIA, IIPEHEOPEKMMO MaJia.

Bonee maBapmaHTHOW Mepoil CIOKHOCTH BBIYUCJIEHUS MOTJIA OBl CIYXKHTb MeduaHa
BpeMeHuU BbIYMCJIEHU Ha Cﬂy‘IaﬁHOM BXoAe, T.e. MUHUMAJIbHOE€ 4YUC/IIO HIaroB, JOCTATOYHOE
JUisi 00paboTKu JTII0O0TO U3 00A€E  CAOHCHOT NOAOBUHD, BXOJ0B. IDTa Mepa, OJIHAKO,
HEYCTOWYMBA B JPYTIOM CMBICJIE: OHA MOZKET KaP/UHAJIHLHO HU3MEHUTHCS, €CIH NOA0SUHY
HanOOJee CIOYKHBIX BXOJOB 3aMEHUTDb, CKayKeM, Ha 4emeepimo.

K cuacrpio, name coryamenne o Las Vegas-ajropurmax 3a0/HO peliaer u 3Ty
upobJiemy. st 1pousBo/ibHOTO L-a/iropurma Mbl MOKEM U3MEPHUTh BEPOSATHOCTD YCIIEIIHOI'O
obpallleHusi Ha CIy9alHOM BXoje (MMEIIeM 3aJaHHOe DAaCIpe/e/eHie BepOsSTHOCTENR).
ObparHas BeJMYMHA K 9TOH BepOATHOCTH (Kak (DYHKIMs, CKayKeM, OT pa3Mepa BXOJA)
ABJIeTCA Pa3yMHOI Mepoit cmotikocmu omHOcTOpoHHell dyHKnuu. Takasg mepa Xoporra
Jist Kputirorpaduu, re CTaBUTCH 1Le/b NPeJI0TBPATUTL B3JIOM Iliudpa jazxe u ¢ MaJloi
BeposiTHOCTHIO. B 3a/1a4ax, rje Tpedyercs J0CTHYb yclexa Ha HOYTH BCEX BXO/aX, HEOOXO UM
JAPYroi MmoaXO/I.

Ounpepnenenue 2 I[lyemov 3adano nexomopoe L-pacnpedenenue na erodax (20680ps o
L-pacnpedesenunzx, mor umeem 6 sudy pacnpedesenus 1o 6vixodax L-arzopumma ¢ nycmoim
exodom)®. Iloposcdaem 6xod (no smomy pacnpedesenuro) k pas, wmo mpebyem cpednezo
spemenu O(k), a 3amem npumensem arzopumm obpawenus, noka we o6ydym wnatideno
npoobpasvl 1y ecer 610006, 0 Komopuxr onu cyuecmeytom®. ducio nonvimox AGAACMCA
cayuatinot seaununoli (3asucswed om cayualiruT OUMOo8, UCNOAD3YEMUT 6 AA20PUMME
00paULeHUA, G MAKACE OM CAYUATUHBT OUMOS, UCTIOABIOBAHHVLL NPU NOPONHCICHUY BL0006).
FEe meduana MT(k) naswvieaemces mysvmumeduanol epemenu obpauserus [ ¢ nomouwsvio
anzopumma A.

SEciu pacmpepefieHne Ha BXOJaX HE aJdCOPUTMUYECKOE, MOXKHO H3MEHHTDL OIIPEIe/eHHe, 3aMEeHHB B
omnpeeslennn Kyaacca L ciokHOCTD Ha AymuHY BBIXOAA. [Ipy 9TOM BXOBI AJWHBL N TOIKHBI IMETH BEPOATHOCTH
w0 —O(1 _ 2
¢ cysolt =0, manpmviep, p(x) = 1/(||z] log 1)?.
$BxompI, A/19 KOTOPBEIX IPOOGPA30B HET, He yIHTLIBAIOTC.
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DTa Mepa KadecTBa aJrOPUTMA UMeeT Psif TOCTOMHCTB. OHA KOMMYTHPYET C BO3BEICHHEM
B KBaJpar BpemeHu paborTbl W HOTOMY YCTOHUUBA OTHOCHTEILHO IEpexoja K Jpyroi
MOJiesIu Bblauc/ieHuit. Beibop rpanuibt 1/2, noapasyMeBaeMoii MeIMaHOl, TaKKe He SBJIseTCs
cyuecTBeHHbIM. B camom Jiesie, yBejimuerue k B ¢ pa3 COOTBETCTBYET TAKOMY K€ yBeJINIeHHIO
MT (k) Kak u yMeHbIleHHE BEPOATHOCTU HEyaadu obpalieHus 10 2~ °.

Besinuuna MT ocMmbiciieHHa U Jjisi BEDXHUX, U JIjId HUKHUX OLEHOK. [lycrb ¢(x) Beuko
juis e-omu Bxogos r € {0, 1} Torma MT(k) croas xe Bemuko g k = n®/e. O6parno,
nycrs MT(k) Besmko. Torga nmourn maBepusika t(;) CTOJIb 7Ke BEJIMKO JIJI HEKOTOPbHIX U3
n = k? cIydallHBIX BXOJOB T1, ..., %, (1 Y |z = O(n)).

(2

3.3. Ilpocteie pacupepenenusi. /1o cux 1mop Mbl yYUTHIBAJU BJIMAHUE CJIydailHBIX
OMTOB B BEPOSITHOCTHOM aJIl'OPUTME Ha BpeMst PaboThl (st (DUKCHPOBAHHOIO BXOJA), a
TAKZKE YCPEJHSJIM 9TO BPEMsi 110 Pa3JIMYHBbIM BXOJaM C (DUKCUPOBAHHBIM PACIPEICIEHUEM
BeposTHOCTeli. Ceiiuac MbI 00CY 1M BBIOOD TOTO pacipe/ie/ieHnst, KOTOPbI Ja1eKo He BCeraa
IpPOCT U OTHIOAL HE HCUYEPIBbIBAETCS CCBLIKONI Ha “‘paBHOMepHOe pacipejaenenue’. Taxue
CCBLIKH 9aCTO JIMLIb 3allyTLIBAIOT JeJI0, HOCKOILKY Pa3IHYHbIe PACIPEIe/JeHHd MOIYT He
6e3 OCHOBAHUN CYUTATHCS “PABHOMEPHBIMU .

Hanpuwmep, paccmorpum rpadet G = (V,E C V?) ¢ n sepmmnamu (||[V| = n), rae
3HaveHHe N BLIOUPAeTCd ¢ BepOATHOCTLIO ¢/n’ (31ech ¢ — HOpMUpYIOMHiE MHOZKHTEL). Ha
9TOM MHOXKeCTBe ([IPH JAHHOM 1) PACCMOTPUM JBa PACIPEJETCHHsI, KOTOPbIE 3aCTyKHBAIOT
Ha3BaHus “‘paBHoMepubiX’. [lepBoe u3 HUX, KOTOpOe Mbl 0DO3HAYUM [i1, CAy4ailHO u
paBHOBEpPOATHO BbiOMpaer rpad G cpean Bcex on’ rpacdos. Pacupejesenue j1o cooTBETCTBYET
cydaifHOMy paBHOMepHOMY BbIGOpY uncia pebep k = ||E|| B quanazone ot 0 10 n? u 3aTem
cIyqaiiHoMy paBHOMepHOMY BBIGOpy E cpemu CF, Bosmozuocteii. Xorst 06a pacupegenenus
MOrYT ObITh HA3BaHbI PABHOMEPHBIME, OHH PAAUKAILHO OTIHYaloTca. Hampumep, MHOKECTBO
{G : ||E|| = n'®} umeer epogrHOCTL npUMEpHO 1/N* OTHOCHTEJIBLHO fly, XOTs €ro
BEPOATHOCTH OTHOCUTEJIBHO [i] SKCHOHEHIUAIBLHO MAJIA.

B ompenenennom cMmpicie Bce “mpocThle”’ paclpeaeneHns BepOATHOCTEH MOKHO CUHTATH
paBHOMepHBIME. MBI IpUBEIEM COOTBETCTBYIOIIEE paccyzKiaeHue (Kparko Hamedenuoe B [19])
C HEKOTOPbIMH J00aB/ICHUSIME, HYKHBIMU /151 JaJibHefimero.

OroxkecTBuM (Kak 9TO JeJal0T B TEOPHH MHOXKECTB) KarKJI0e HATYDAJIbHOE WTHCIIO 1 ¢
MHOKECTBOM MeHbIMHX Harypaababix unces {0,1,2, ..., n— 1}. Mepoii MbI Oy1em Ha3bIBATDH
AJIUTUBHYIO BEIeCTBEHHO3HAYHYI0 (DYHKIHIO HAa MHOMCECMEGT HATYDPAJbHBIX ducen. B
coorsercruu ¢ Hammm cortamenueM ((n) = p({0})+p({1})+. . .+pu({n—1}); rem campim
upejcTaBiasier codoil MOHOTOHHY IO PyHKyuto pacnpedenerus. COOTBETCTBYIONIASA NAOMHOCTID
pacupegerenns 3agaerca dbopmyioit p'(n) = pu(n + 1) — p(n) = p({n}); Beauauna p'(n)
eCTh BEPOSITHOCTH OJHOIJIEMEHTHOrO MHO:KecTBa {n} (a He m KaK MHOXKECTBA MEHBIIUX
HATypaJbHBIX wucen). Jepes (s 0003HAYNM MHOYKECTBO KOHEUHBIX JIBOMYHBIX JIpOOeii
i/2l € [1/2,1). Mbi oxpyrisem 3nadenns byHKIun (1 10 d1eMentos Qy, COXpaHsis JMIIb
MHUHUMAJIBHO HEOOXOMMOe YUCI0 JBONYHBIX HubD (Tak, 4T00bl BEPOSITHOCTH H3MEHHIACH He
Dostee 4eM B KOHCTAHTY Pa3).

Oupenenenue 3 losopam, wmo Pynkyus p: N — Qo BOOTHE OKpPYLIIEHA, ecau (i(T)
aeasemcs kpamuatwet, dsouunot dpobvio 6 unmepsane (u(x — 1), p(z + 1)), a makorce

—log u({z}) = O(||z]).
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[locnemnee ycmoBue g00aBIe€HO JJisd  YJA00CTBA; €ro MOXKHO ODECIEYUTDH, CMeIIaB
(MOHOTOHHYI0) (DYHKIHUIO f4 ¢ KAKMM-HHOY/Ib IIPOCTHIM DACIPEIEICHUEM.

Jlemwma 1 Beakasa swuucaumasn pynwkyus (12 N — Qo moorcem b6wmo appexmuero
npeobpasosana 60 6NOAKE OKPYZAEHHYIO BYHKUUIO [11, BUNUCAUMYIO ¢ 3amedrenuem (1o
cpasreruto ¢ ((x)) 6 ||z|| pas. Hpu smom, ecau p monomonna (m.e. (' > 0), mo p) > 1 /4.

MouororHocTh ObecniednBaercst cpaBHenueM (x) ¢ p(y) s Beex Y, sIBIISIIONIUXCSE
HauajaMu T € (y. Jlajiee yrBepzK/IeHHe JIEeMMbL JIOCTUTAETCs 3a cder OKpyrienus. CHadaia
Mbl OKpyrjsieM p(x) no Kpardaiinieil jaBouduHO apobu p, Koropast Osuxke K u(T), yem K
JI060MY APYToMy /(Y ); 9TH OKPYTJIEHHbIE 3HAYEHHS Mbl HA3BIBAEM 1MOYKAMU. 3ATEM HAXOTIM
BCE weAu, T.e. OuzKaiinme K p JBOMYHbIE APOOK BCEX MEHBIINX JBOMYHBIX JIJIMH. 3aTeM JIJIs
KazKJI0i 1ie/1u (B IIOpsi/iKe BO3pACTAHUsI JIJIMHBI) HAXOAUM TOYKY, KOTOPasi ee 3all0JHseT P
110C/I€J0BATE/IbHBIX OKPYIJIEHUSIX; TaK JEJAeTcs JIO TeX [Op, 1OKa LIedb Jyis T He Oyjer
Hal1eHa.

Bnonne okpyriennbie (yHKIUA [ 00JaJal0T JIIOOOIBITHBIM CBOMCTBOM: 00a YHCIA
m(z) = plx)/p({z}) u —logu({z}) = |m(z)| Bcerma uenvie, u moromy pu(xr) ectsb
KOHEYHasl JIBOUYHAS JAPO0b, y KOTOPOH Iiejias 4acTh HyJieBas, a HOC/Ie 3aaToi uger m(z).
[Tosromy m pacupeje/ieno nouru pasaomepno: 2ku(m=1(k)) € [1,2] nupu k € m(N). Kpome
TOrO, OHO BBIYMCJIMMO 32 HOJMHOMUAIBHOE BPeMs, TakK e Kak u m~ ' (J1BOMYHbBI HOUCK).
CrenoBarenbao, m(x) MOKHO pacCMaTPUBATH KAK aJlbTepPHATHBHOE IIPeICTaBIeHue JJIs T, B
KOTOPOM pacCHpe/ie/ieHne (i CTAHOBUTCS JOCTATOYHO PABHOMEDHBIM.

Boobuie rosopsi, He BCerjia MOYKHO OIPAHHYMTBCS MPOCTHIME PACIpENeJTeHUIME Ha
BX0/1aX. BO3MOXKHO, HCXO/IHBIE JIAHHBIE T, UCIIOJIb30BAHHBIE DU OCTPOCHUU BXOJA T, U UMEJIH
IIPOCTOE pacipejiesienue, HO cam npouece A npeobpasoBanus T B & MOI ObITh Y€M-TO BPO/Ie
OJIHOCTOPOHHE! (GyHKIMU. Mbl MOKEM HpeIIoaararb, 910 A ecTb aJropuTM ¢ He CIHIIKOM
OOJIbIIMM BpeMeHeM paboTbl, HO He 4TO paclpe/e/ieHne BepOATHOCTeH Ha ero BBbIXOJAaX
npocro. Bo3uukatotiee Ha BbixoJe A pacupe/esienne Ha3bBaeTCst peaausyemvim (samplable).
B [20] rakue pacnpejesieHusi CBOAATCS K PABHOMEPHBIM, TAK K€ KAK U PaCCMaTpUBAEMble B
JIAHHOM IIYHKT€, XOTsl U C IOMOUIBIO JPYIOro TPIOKa.

4 TlomgHOTA

4.1. ITonHbie pacupesesieHuss 1 MHBEPTOPHI. 10 3HAYUT, 4TO JaHHAS (DYHKIHS TPYIHA
Jtst oOpateHus? D9TO MOXKHO yTOYHUTH IBOSKO. MOXKHO cauTarh (PyHKIUIO TPYAHON, eCiiu
TPY/IHbIE JIJIsi OOpallleHus] 3HAYEHUsI MNOPOXKJIAIOTCS C HE CJAUIIKOM MaJIOil BEPOsiTHOCTHIO.
A MoxHO TpeboBaTH OOJBIIErO: Y9TOOBI BEPOSTHOCTH MOJIYUYEHUS JIETKOTO Jijis OOpalieHust
3HavYeHNd OblTa IpeHeOpeRuMo Mata. CymecTBYIOT Pa3JInIHbIe CIIOCOOBI CBECTU OJHY 33/1a9Y
K JIPYTOii, 1 MBI OyJIeM paccMaTpUBaTh IEPBYIO U3 YIOMSIHYTHIX 3a/1a4.

Hpe)K,ZLe BCEro orMeTruM, 410 JieMMa IIO3BOJIACT IIePEYruC/INTh BCE BbIYUC/IMMbIC 3a BpEeMA
t(x) pacupesesienusi, COXpaHsis t ¢ TOYHOCTBIO JI0 JUHEHHOIO MHOXKUTE/ 5. CJI0KUB BCe TaKUe
pacupejiesienus ¢ Kosdduiuenramu, 00pasylomuMu cxojsuiics psj (nanpumep, 1/i%),
MbI mosyanM pactpenenenne B kiacce TIME(t(z)||z|]), aBagiomeecs MOTHBIM I KJIacca
TIME(t(x)). MoxHO ObLIO GbI COEUHUTH DACIpeIeJeHIsT BCeX CJIOXKHOCTeH B OJHO, MpH
9TOM KazK/I0€ 3HAUEHUE OPOKIAETCsl C TeM MEHbIIEH BEPOsITHOCTHIO, 4eM OOJIbIIE CI0KHOCTh
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ero MopoxK/eHus (Kak 3T0 jenagoch B 1. 3.1). Ho Mbl mpeanodntaeM uMeTh €0 IPAMO ¢
peaJin3yeMbIMU Pacipee/IeHusIMU.

Onpepnenenue 4 Pacnpedesenus eepoamnocmet na evizode L-aszopummos 6e3
8000 HA3BIBANOMCA PEAAUSYEMBMU. Anaso2uyroim 0bpazom Li-aszopumm co exodom zadaem
peaausyemoe cemelicmeo pacnpedesenuti (8200 ABAAEMCA NAPAMEMPOM).

OObIYHO JTaeTcs MeHee OTpaHUYHUTEIbHOE OIIpejeseHue, paspemaloniee OOMbIIN KJacc
asiroputMoB (6ostee Gumskuit Kk LV ¢ mOMHOMHAJIBHBIM OrPDAHHYEHHEM) M [IOJIMHOMUAIBHO
O0JIbllIMe BEPOSITHOCTH; Mbl PAacCMaTpUBaeM JUIIb L-aJropurMbl, CTpeMsiCh K OoJiblieit
TOYHOCTH.

[Ipeanoxenue 1 Cywecmsyem noanoe  (Haubosvwee ¢ mownocmvlo 0o
NOCMOARH020 MHOHCUMENR) DEAAUIYEMOe cemelicmeo pacnpedeserud.

B camowm jsese, L-aaropurmbl MOXKHO MEPEYUC/ISITH, U MOJHOE Peau3yeMoe CemeiicTBO
pacrpejesieHnit MOYXKHO MOJIy9UTh, BbiOUpas Ciaydailubiii L-ajaropury u BBINOIHSIS €rO.
Onucanubiii aaropur™m Tpebyer B cpenseM Bpemenn (O(1) u mMeeT He MeHBIIE IIAHCOB
(C TOYHOCTBIO JI0 MOCTOSTHHOIO MHOXKUTEJII) MOPOAUTH “ciopupus”’, dem Jr060i Apyroii
L-asmropurm. (Y LV-aaropurmMoB ¢ HOJMHOMHAJIBHBIM OIDAHHYEHHEM BEPOSITHOCTH “He-
HPUATHOrO CIOpPHpU3a’ MOKeT ObITh OOJIbIEe, YeM y OHUCAHHOI'O aJrOPUTMAa, HO pa3/inyue
He 6oJiee YeM HOJMHOMUAJIBHO. )

[Tosoe pactmpe/esienne OnpeneaeHo JIMIb ¢ TOYHOCTHIO 10 OPAHHIEHHOTO MHOMKHUTEJIS,
IIO9TOMY TOJIBKO B JIOrapuMUIECKOIl eJOUNCICHHOl MKae OHO JaeT OObeKTUBHYIO MeEpPY
TPYAHOCTH HOMAJAHUsI B MHO2KeCTBO X MPH JAHHOM 3HAYEHUU [apaMerpa T, ONPEeJIeTeHHYIO
C TOYHOCTBIO JI0 OIPAHUYEHHOI'O YUC/IA JICJIEHUN TIKAJIBL.

O6o3uavenue Yepes KI(X/x) mbl 0b03nauaem — log, p(X/z), rae p(X/x) ecrb
BEPOATHOCTDH TONAAHUA B MHOXKECTBO X OTHOCHUTEJHHO IIOJTHOTO CEeMeHCTBa pean3yeMbIX
pacIpe/ie/IeHuil ¢ mapamMeTpoM .

Kak 4acro ObIBaer, cpejcTBO //isd aTakKd IoMoraeT Hailtu u 3amury. OnruMasbHbie
asropurmbl noucka (ykasanubie B |21, 22, 23]) npu mamem onpegenenun nosydarorcs
camu cODOIi: TOJTHBI TeHepaTOP TPYJ/HBIX 33/a4 MPEBPAIAECTCS B ONTUMAJIbHBIH aJITOPUTM
ux pemrenusd. Hamomuum, 910 MBI “KOHBepTHpyeM’ BpeMs pabOThI B BEPOSITHOCTH ycCIiexa,
mepexojs K L-aaropurMam, W W3MepseM HUX MPOU3BOAUTENBHOCTH ITOH BEPOSTHOCTHIO.
AurropuT™, TOpOXKIAONIHI HAKOOJBIIEE DeaTn3yeMoe paclpe/eneHune (¢ mapaMerpoM )
uMeeT HauOOJIBIIYIO (¢ TOYHOCTHIO JI0 MOCTOSHHOINO MHOXKHTeJst) BepositHocTh 1/S(f/x) =
2K @)/%) nopomaenns pemennii. Besmunna s(f/z) = KI(f~'(z)/z) xapaxrepusyer
TPYJIHOCTh KOHKPDETHOIO HpuUMepa T U MOKeT OblTh Ha3BaHa ero cmotikocmovio. Ham
ONTUMAJIBHBIA reHepaTop B cpeaneM tpebdyer O(1) maros ua ogu 3amyck u S(f/x) 3amyckos.
Hukaxkoit pyroit aJroput™ He MOZKET JaTh JIYUIIero pe3yibTaTa.

Orkpoirasg mnpo©aewma. [locrosinubiit MHOXKUTE/IH B ONTUMAJIBHOM aJITOPUTME
obpalieHust MOXKeT ObITh POU3BOJBHO OOIbIINM. HensBecTHo, MOXKHO /I OrPAHUYHUTH ITOT
MHOKUTENb (sl JIOCTATOYHO JUIMHHBIX BXOJOB) HEKOTOPOW abCONOTHONH KOHCTAHTOM, He
3aBUCSINENH OT BBIOOPA CPABHUBAEMOIO € ONTHMAJBHBIM ajroputMa (ckazxkeM, qucaom 10).

4.2. 3apgayu oOpaineHusi u ogHOCTOpOoHHMe yHKIuu. llosHoe pacipejerenue
JIaeT HEe MEHBIIYI0 BEPOSTHOCTH MOJMYyYUTb TPYIHBII BXOj, deM Jji0oboe jpyroe. Biarogaps
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9TOMY B KadecTBe TPYIHOI g oOpalieHus (pYHKIUH MOYKHO B34Tb J00yI0 NP-mommyio
GYHKIMIO: BCe OHM OAMHAKOBO XOpoiru. OIHAKO 0O0OBIYHO X049eTcss HailTu (DyHKINI0, KOTOPYIO
TPYHO 00PATUTH JJIsi KAKOTO-JIn00 00BIYHOIO (HAIpEMED, PABHOMEPHOI'0) PACIPE/IeJIeHUs HA
Bxoax. Heoxkumanubiv 06pa3oM jieMMa Kak pa3 i yKa3bIBACT KOJUPOBAHEE, IPEODPaA3yIoIiee
3aJIaHHOEe PACIpe/iesieHne (BBIYHCINMOe 33 MOJHHOMHUAIbHOE BpeMs) B paBHOMepHOe. C ero
nomotnbio Jiiobasg NP-momnas pyHKnusa cTaHOBUTCA MaKCUMAJILHO TPYAHOI /1T OOpaleHus.
O/1HaKO B COYETAHUH C TAKUM KOJMPOBaHHEeM (DYHKIUs TepsgeT MPHUBJIeKATeTbHOCTD, TAK YTO
BOIIPOC O HMOCTPOEHHMH IIPUBJIEKATEIbHON (DYHKIUK, TPYIHON /1Jig OOpaleHust Ipu OOBIYHOM
pacipejie/IeHil Ha BXOJIAX, COXPAHSAETCS.

Kak u3BectHo, HEM JJid OJHON (YHKIUH He YJAJIOCh JIOKa3aTb, YTO OHA TPY/IHA s
obpartienusi, XoTst MHorHe dbyHKuun Kaxyrcs takossivu. B |19, 20, 24 28] 26, 27| (u pane
JApyrux paboT) yKasaH psiji KOMOMHATOPHBIX H Aare0panvecKnx 3aJad, KOTOPbIe SBJISIOTCS
B CPEJIHEM I[OJIHBIMU [IPH DABHOMEDHOM DACIIPE/IeJIeHUH BXOJOB (T.e. OHU HE IIPOIIe JII00Oi
331241 OOPAIIEHUST C PEASIU3YEMbIM DACIPEETCHIEM ).

O/iHaKO 3TH pe3yJIbTaThl BCE €le He JAI0T OJHOCTOPOHHUX (byHKImii. PazHuna mexmiy
OJIHOCTOPOHHUMHU (PYHKIHMAMHU M TPYAHBIMH B CPEIHEM 3aJiadaMi OOpalleHus MOKeT ObITb
BbIpazkeHa MHorumu crocobamu. [Ipocreiimmii 3 HUX COCTOUT B TOM, UTOOBI ONPEIETUTDH
OJIHOCTOPOHHIOI (YHKIMIO KaK TPYJAHYIO B CpejHeM 3ajady oOpalieHus QYyHKINH,
corpanarwel dauny. B sToMm ciydae passmame Meky BbHIOOPOM CIy9allHOIO apryMeHTa
WM CJIy9aiiHOrO 3HaveHust (CYHIECTBEHHOE Uil OJHOCTOPOHHUX (dyHKIuii) mepecraer ObITH
BaKHBIM.

B camom jsente, KazKJIOMy peIIeHUI0 COOTBETCTBYET TOJBLKO OJIHO 3HAYEHUE, MOITOMY st
COXPAHAIONIMX JJINHY (DYHKIMIT BEPOSTHOCTH IOSIBJICHHS 3HaYeHUsl (DYHKIHMH U3 JAHHOIO
MHOKECTBA 3HAYEHMil, MMEIOIUX PEeIIeHUs, He MEHbIIEe BEPOSTHOCTH, COOTBETCTBYIOMIEH
paBHOMEPHOMY pacipejeienuio. [Ipu srom, ojHAKO, MOXKET ObITh MHOIO “OJIM3HENOB”
peleHuii, COOTBETCTBYIONIUX OJHOMY M TOMY Ke 3Ha4deHuio. B sTom ciydae Mbl MozKeM
Mo unpoBaTh (GYHKIHIO caeayionuM obpaszoM. OrrajgaeM JorapudM ducia OJU3HENOB
JTsl TAHHOTO Pellienns w (MycTh 3TOT JorapudM paBeH k) U pACCMOTPUM CJIyJaflHbIH SI€MEHT
a yHUBEpCAJbHOIO cemeiicTBa xem-gyHkiuii h,(w). Bygem cuurars BbIx0joM (dyHKIMH
uabop f(w), k, a, h! (w), vae h' nonyyaercs u3 h, ecim ocTaBUTH TOJIBKO k 1€pBbIX OHTOB. (D11
3HAaYeHHUA Ha k OUTOB JIMHHEE PEHICHUN U 0TOOPAZKAIOTCS C IIOMOIIBIO APYTIoi Xenl-(PyHKITNN
B CTPOKH TOIi JKe JUINHbL, 9T0 u pernenus.) ComepKaIasacs B 5TOM BBIXOJE JOMOTHATETbHAS
undopmaius (Ipu IpaBUIBHO yraJaHHOM 3HaveHun k) Gu3Ka K CaydaiiHoil, u moToMy He
nomoraer obpariernio. C apyroit cropoHbl, OJIU3HEIBI PA3Ie/Isai0TCA Ha HeOOJIbIINE IPYIIIbI, 1
IIOTOMY KOJIMYECTBO (M BEPOSITHOCTH IIPU PABHOMEDHOM DACIPE/AEICHIN) TPY/IHbIX 3HAYCHHI
U KOJUYECTBO HMX IMPOOOPA30B CTAHOBATCA CpaBHEUMBIMU. OOpaTHOe yTBEepzXKIeHHEe TaKzKe
BEpHO:

[MIpeagnoxeunue 2 Jwbas odnocmoponnss Pynkuus ¢ mysvmumeduarot V (k)
epemeny  onmumasvrozo obpawenus (m.e. S(x), dan x = f(w) u pasromepHo
PACNPedeseHH020 W) MOHCEm Oumb NPeodpa3osaHa 6 COTPAHANWYI0 OAUHY 0OHOCTOPOHHIOTN
dynryuto, y xomopot das 1/O(k) doau npumepos HadesrcHocmsd NOAUHOMUAADHO CEABAHA C

V.

[Ipexk e Bcero, Mbl yBeIUUUBAEM J0JIIO TPY/IHBIX JIJI OOpallleHus 3HaYeHHl, KaK OIIUCAHO
B KoHue 1. 3.2. Ecim 4ucjio TpyAHBbIX 3HAYEHUI CyHIECTBEHHO MEHbIle, 4eM YHCJI0 HX
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1poobpa3oB, (pyHKIUIO BCe PABHO MOYKHO Tepe/ie/IaTh B COXPAHSIONIYIO JJIHHY 6e3 M3MeHeHu s
TPYJHOCTHU, pa3je/sds O/M3HeNOB, KaK OINUCAHO B Hpeiblayiniem adzaie. bojee 1mojapodHO
IIPOLECC NPUMEHEHUs XeHIUPOBAHUS K OJHOCTOPOHHUM (byHKIusAM ucciaegosan B [20].

4.3. IlostHass omHOCTOPOHHAA (DYHKINS: IIPOAOJI2KeHNe 3aMorneHus. Mbl ceiiuac
HOKakeM, Kak MOJAu(UIUpoOBaTh 3a/a4y O 3aMOLIEHUU, MOJyYUB U3 Hee KOMOMHATOPHYIO
HOJIHYIO OJITHOCTOPOHHIOID yHKIMIO. Takue (QyHKIUU He BCTpeYaJMCh B JIMTEpAType,
xorg B [9] mpuBoAMTCS TMOCTpOEHHWE MCKYCCTBEHHOW MONHON OJHOCTOPOHHEeH (DYHKIHN.
Koneuno, xopomro 661 HaiiTH HECKOIBKO MIPUMEPOB MOTHBIX OJHOCTOPOHHUX (DYHKIHIA, MeHee
MCKYCCTBEHHBIX, T.€. BBIIVISIAIINX IPUBJICKATEJNBHO I YeI0BEeKa, He 3HAKOMOro (i He
JKEJIAIONIEr0 3HAKOMUTBCsI) € Teopreii aaroputMoB. Mbl ceffuac IpUBeAEeM OJMH TaKOil IIpuMep
“IJ1 3aTpPaBKU’, HAJIESICh HA TO, YTO PAHO WJIM 1103/IHO Oy/1eT HAKOILIeHA “KpUTHYecKas Macca’
NOMHBIX (DYyHKIU, cBeJéHUME KOTOPBIX IO3BOJIMT JOKA3bIBATH MOTHOTY Pa3HOOOpPA3HBIX
MHTEPECHBIX KAHINJATOB B OTHOCTOPOHHME (DYHKIIHH.

NP-nnonaora u OWPF-nomaora. Illupoknmii ycmex mgokazateabcTB NP-momHOTBI
MHOI'OYHC/IEHHBIX KOMOMHATOPHBIX 3aJlad OCTAeTCA 3araJ0vHbIM. ODTO BOIPOC CKOpee
HUCKYCCTBa, 4eM HayKd, U IIOTOMY He TpeOYIoIIHil OJHO3HAYHOTrO oObsacHeHus. Ho omHol
U3 MPUYMH, BUJUMO, SBJSETCsS O00JbIION HADOP roToBbiX NP-1OJIHBIX KOMOMHATOPHBIX
3a/1a4, OINUCAHKE KOTOPHIX He Tpebyer anajau3a (yTOMUTEJNbHBIX) JeTasieil, XapaKTepHbIX
I demepMuHUpOSaHHGLL BBITHCIUTEIbHBIX Momenei. g noanomor 6 cpednem Taxkumx
IPUMEPOB MOKA CYIIECTBEHHO MEHbIIe, XOTd OHU M HaKamtuBaoTcd. C JIpyroit cropoHbl, MO
BOIIPOC O MMOCTPOEHUH SBHOI'O IIPOCTOrO MIPUMEPA MOJIHON OJTHOCTOPOHHEH (DYHKITUN OCTABAJICS
6e30TBeTHbIM B T€YEHUE JIBYX JIECATU/ICTHI.

[lomnast  oamocTOopoHHAA  (PYHKIHMS  MOXKeT OBITh  HoJydeHAa  Mojudukaueit
yuusepcaibuoit Mammubl  Teiopunra (UTM). B cBoio odgepeip, HpoTOKOIBI pabOThI
UTM wmoryr ObITh JIerKO 1peobpa3oBaHbl B KOMOMHATOPHBIE OOBEKTHI C OIPE/IE/IEHHBIMU
cpoiictBamu (Tuma 3amomienuii). Ommcanme 3STHX CBOMCTB HPOIIE ONUCAHHS MAIITHDI
T'propuHTa, TOCKOJIBKY Tellepb HEeT HEeOOXOJUMOCTH 3aDOTHTBCA O JeTePMUHUPOBAHHOCTU
BBIYUC/IEHHS: OTHOIIEHNe, KOTOPOe MBI CTPOHM, W He JIOMKHO OBITH /1eTepMHUHUPOBAHHBIM.
VIIpoleHHble aHAJOIM BbIYKMC/IECHUNH [PHUBJIEKATE/IbHbBl CBOEl MPOCTON KOMOMHATOPHOIM
CTPYKTYDOIi, KOTOpasi MO3BOJISIET CBECTH BO3HUKAIOILYIO 3a/ady KO MHOYKECTBY JADYIHX (Tem
CAMBIM JIOKA3aB IIOJHOTY MOC/IEIHUX).

DTOT MOAXO/ JIEHCTBUTEIBHO M03BOJIsIeT nocTponTh NP-3a1a4uu, siBISIOMUECcs MOJTHBIME
B cpeanem (average-complete). OnHaKO OH He MO3BOJIsIET OOECIIEYUTH YCJIOBUE COXPAHEHHS
JUTHHBI, KOTOPOe CYIIECTBEHHO MPHU IIOCTPOEHHHU IOJHBIX OfHOCTOpoHHUX dyHKuuii. (OHO
MOXKET OBITb 3aMEHeHO JIpYTUMHU TpeOOBaHUAMH, HO U 3TH TpeOOBaHUSA He YIaeTcs
VJOBJIETBODUTL B OHMCAHHON Bbiie KoHCTpyKiuu.) Ceifuac Mbl 1OKazKeM, KaK MOZXKHO
CPABHHUTEJIBHO IMPOCTHIMU CPEJICTBaMU ([OHITHE DACIIMPEHUs) IONBITATHCS [PEOIOIETh
BO3HuKamolue 1podsembl. [lpu 3Trom Mbl Obeciieunm coXpaHeHUe JIJIMHbI U HPOCTYIO
KOMOWHATOPHYIO CTPYKTYpPY 3amolnenusd. Mbl HajgeeMcs, 9TO 3Ta MOJHAS OJHOCTODOHHSS
dyuKIUa MOXKeT OBITH MOJe3HAa KAaK WCXOJHAS TOYKA I JOKA3ATETbCTB IMOJTHOTHI
UHTEPECHbIX OJIHOCTOPOHHUX (DYHKIMI C HOMOIIBIO CBEJICHUIA.
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[InvTku: eiuHUYHbIE KBA/IPAThI, YIVIbl KOTOPbIX IOMEeYeHbl OyKBaMU; UX MOYKHO TxxC
NPUKJIAIbIBATh CTOPOHA K CTOPOHE, ecau OYKBBI COBIaJaioT. Pacmupenwme: e rllr 4
MaKCUMaJIbHOEe IPOJOJIZKeHUe 3aJaHHOI'0 YaCTUYHOIO 3aMOIIeHUs KBajpaTra ¢

OTMEYEHHON IpaHuleil B TaKOM ILOPA/AKe, IIPU KOTOPOM KarKJjad CJie/LyIolias et
IUIUTKA OLPE/E/IsieTcsl OMHO3HAYHO (1IpH 33/JaHHOM HabOope MJIUTOK). LA LR

Onpepnenenue 5 Pacwupenuem 3aMOUWEHUA MbL HAZDBAEM CACOYOULYIO  DYHK-
YUNW: AGP2YMERM — BEPTHAA CMPOKE 3AMOULEHUSA U HAOOP PA3PEULEHHDIT NAUNMOK; 3HAYEHUE —
HUNCHAL CMPOKA 3AMOWEHUA, NOAYUAGEMO20 PACUWUPEHUEM BEPTHET CMPOKU, U HaOOD
PA3PEUEHHBLT NAUMOK.

Teopewma 1 Qyuurkyua PaCUWUPEHUL 3AMOWEHUA ABAAEMCH 00HOCTNOPOHHEL mo2da U
MoALKO mo2da, k0206 00HOCMOPOHHUE DYHKUUY CYULELCTBYIOM.

Csedenue: Mbl HaduMHAEM C YHHBEPCAJIbHON MalmnHbl ThIOpUHIA U JI00AB/IsSIeM K Hei
CYeTYHK, KOTOPbIH IIpephiBaeT ee paboTy 1ocie, ckazeMm, n? maros. Mbl coXpaHseM KOIUIO
pOrpaMMbl (HAYAIbHBIH OTPE30K BXO0Ja) HEM3MEHHOH, a TaKzKe MPHHYIUTENbHO IeJIaeM
JUIAHY BBIXOJAa PABHOW JJIMHE BXOJA. DTa KOHCTPYKIUSA JaeT HaM MOJTHYIO OJHOCTOPOHHIOK
dbyuKImIO, coxpaHsouyo JHHY (IpaBia, ONUCHIBAEMYIO € IOMOIIBIO BBIYHCJIUTEIHHON
mozesn). dasee mbr cBogum Bbranciaenne UTM (¢ ykazanabiMu MoguduKausivMm) K 3ajade
0 3aMOIIEHUU C TIOMOIIBIO CTAaHJIAPTHOIO npueMa. Mbl j00aB/isieM creluaibHbli 2paru bl
CUMB0.4 U PA3PENIaeM ero JUIIb B IJINTKAX, B KOTOPBIX OH COYETaeTCsd ¢ CHMBOIAMHU BXOJHOTO
HJIH BBIXOTHOTO asihaBUTOB (OJMHAKOBOTO Pa3Mepa), & TAKZKe C CUMBOAOM KOHUA AEHIbL WITH
C CHMBOJIOM, HAYMHAIONMM BbIYHCJIEHHE (B 3aBUCHMOCTH OT CTOPOHbI miauTku). Ocraercs
BOCIIOJIB30BATbHCS OLPE/Ie/IEHUEM PACHIUDPEHUs.

3amotieHune sBJSETCs TPOCTON KOMOMHATOPHON 3aja4eil, HO ee HeJeTePMUHUPOBAHHAS
HPUPOJIA BBIHYZKJ/IA€T HAC YKa3blBaTb BCe IJIUTKU B KBaJpare, 4TO MENIAeT COXPaHEHUIO
Jyiiabl. Eciu TtpeboBarb, 4ToObl HAOOP IJIMTOK BbIHYZKJIAJ J€TEePMUHU3M BbIYUC/IEHUS,
HNOJMYYUTCA T'POMO3JKasd KOHCTPYKIHSA, KOTODYI0 TPYJAHO CBA3aTh C  MPOCTBIMU
KOMOWHATOPHBIMU 3a/a9aMu. BMecTo 3Toro, roBops 0 pacIInpeHusX, Mbl He HAKJIAIbIBaeM
OrpaHUYEHUI HA MHOYXKECTBO Pa3PelIeHHbIX ILUIMTOK, 3aT0 pa3peliaeM IIPUKJ/IA/IbIBATh JIUIIb
IUIUTKU, KOTOPbIE OJHO3HAYHO OHpejessiiorcs (Ipu JaHHOM HabOpe Pa3pelIeHHbIX ILIHTOK )
yxke wumeomumucsd. llpu 310M HEKOTOpble YacTUYHbIE 3aMONIEHUs KBaJlpaTa Y/aercs
OPOJO/IZKATE /10 MOJHBIX, J100aBdd NJIUTKHA OJHY 3a JIPYroii, Apyrue — HeT. DTOT MPOIect
npuBOAUT K morepe 3bderTuBHOCTH (HEGOMBIION Iisl HAPAJIETBHBIX MOJIEJIel), HO 3TO JIJIs
HAC He BayKHO.

OcraeTcs wWHTepecHas 3aJada: CBECTH 3Ty OJHOCTOPOHHIOID (MYHKIHIO K JIPYTHM
HPOCTBIM KOMOMHATOPHBIM WMJIM aJiredpandecKuM (PYyHKIMSAM, TE€M CaMbIM JIOKa3aB HX
HOJIHOTY.

[IpousBojibHbie 0JHOCTOPOHHUE (DYHKIUMU HE TAaK IIPOCTO HPUMEHUTHh Ha HpakTuke. Bo
MHOI'MX CJIydasX (HAlpUMep, [PH IOCTPOEHHHU IICEBIOCIYYafiHBIX IOC/Ie]0BATEIbHOCTE)
JIpYyrux —npejinosiokenuit  popmajibHO He Tpedyercs, HO I[PUXOJMTCH HCIOJIb30BATh
NOCTPOEHNSI, KOTOpble KaTacTpOpHUUeCKN YXVAIIAT KOJIHYeCTBEHHBbIe ITOKAa3aTesn
sdexTuBHOCTH. Bomee mpurogable HA MPAKTHKe KOHCTPYKIIMHA UCIOTB3YIOT OJHOCTOPOHHUE
GYHKIMU ¢ HEKOTOPBIMU JIONOJHUTEJIbHBIMU CBOMCTBAMU, HAIPUMEDP, ¢ MaJIOil SHTpOIue
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B cMbicie Penbu. 910 Ke TpebOOBaHHE HCIOIb3yeTCd IPH IIPeoOpPa30BaHUU  CIadO
OJHOCTOPOHHEH (YHKIMH B CHJIBHO OJHOCTODOHHIOID (C COXpAaHEHHEM [apaMerpa
croiikoctr, Kak omucano B [28]). Cuenyiomniee 3amMedanne yKa3blBaeT OJUH U3 BO3MOZKHBIX
nyTeil 1OJlydeHusl OJHOCTOPOHHEH (DYHKIUHU, YJIOBJIETBOPSIONieil 3roMy TpeOOBAHUIO.
(B mem Boipazkenue f(z) + ax MoxkKeT ObITH 3aMEHEHO Ha Apyrue Xer-(hyHKIIUH. )

Bamewanuve. Aprymentsr Gyukmun g(a,z) = (a, f(x) + ax) B cpexuem umeior e Gosee
oIHOTO OIM3Hena s J0060it coxpansonei quuay dyuakuun f u mpis a, x € GFyj..

Il'muooresa. Ilocmpoennas maxum obpazom pynruus g Aeasemcs 00nocmopormed,
ecau Pynruus f ovaa maxosot, u umeem mom oce (¢ MOUHOCBLIO 0 NOAUHOMUAALHO0
MHOHCUMENR) NAPAMEMP CMOTKOCTU.
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