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Abstract

I show that physical devices that perform observation, prediction, or recollection share an underlying math-
ematical structure. I call devices with that structure “inference devices”. I present a set of existence and
impossibility results concerning inference devices. These results hold independent of the precise physical
laws governing our universe. In a limited sense, the impossibility results establish that Laplace was wrong
to claim that even in a classical, non-chaotic universe the future can be unerringly predicted, given sufficient
knowledge of the present. Alternatively, these impossibility results can be viewed as a non-quantum me-
chanical “uncertainty principle”. Next I explore the closeconnections between the mathematics of inference
devices and of Turing Machines. In particular, the impossibility results for inference devices are similar to
the Halting theorem for TM’s. Furthermore, one can define an analog of Universal TM’s (UTM’s) for in-
ference devices. I call those analogs “strong inference devices”. I use strong inference devices to define the
“inference complexity” of an inference task, which is the analog of the Kolmogorov complexity of com-
puting a string. However no universe can contain more than one strong inference device. So whereas the
Kolmogorov complexity of a string is arbitrary up to specification of the UTM, there is no such arbitrariness
in the inference complexity of an inference task. I end by discussing the philosophical implications of these
results, e.g., for whether the universe “is” a computer.
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1. Introduction

Some of the most fruitful investigations of the foundationsof physics began by identifying a
set of features that are present in all physical realizations of a particular type of information pro-
cessing. The next step in these investigations was to abstract and formalize those shared features.
Once that was done, one could explore the mathematical properties of those features, and thereby
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analyze some aspects of the relationship between physics and information processing. Examples
of such investigations include the many decades of work on the relationship between physics
and computation [11,12,13,14,15,16,17,18,19,20,21,22,23,22,24], the work on observation that
started with Everett’s seminal paper [25], and more recent work that considers what possible
forms physical reality might have [26,27,28,29,30,31,32,33,34,35,36].

In this spirit, here we first present archetypal examples of physical devices that perform obser-
vation, of physical devices that perform prediction, and ofphysical devices that perform recollec-
tion. We then identify a set of features common to those examples. This is our first contribution,
that such physical devices share those features.

Next we formalize those features, defining any device possessing them to be an “inference
device”. To do this requires our second contribution: a formalization of the concept of semantic
information content.1 Loosely speaking, we define the semantic information content of a vari-
ables concerning a variabler to be what an external scientist can infer about what the value of r
is in their particular universe by knowing the state ofs. Note the central role in this definition of
the scientist external to the device. As discussed below, inthe context of using inference devices
for observation, this central role of the external scientist is in some ways more consistent with
Wigner’s view of the observation process than with the many-worlds view of that process.

For the remainder of the paper we develop the theory of inference devices, thereby analyzing
numerous aspects of the relationship between physics and information processing. Our goal in
this endeavor is to illustrate the breadth of the theory of inference devices; an exhaustive analysis
of any one aspect of that theory is beyond what can fit into thissingle paper.

A recurring theme in our analysis of inference devices is their relationship with Turing Ma-
chines (TM’s). In particular, there are impossibility results for inference devices that are similar
to the Halting theorem for TM’s. Furthermore, one can define an analog of Universal TM’s
(UTM’s) for inference devices. We call those analogs “strong inference devices”.

A central result of this paper is how to use strong inference devices to define the “inference
complexity” of an inference task, which is the analog of the Kolmogorov complexity of com-
puting a string. A task-independent bound is derived on how much the inference complexity of
an inference task can differ for two different inference devices. This is analogous to the “encod-
ing” bound governing how much the Kolmogorov complexity of astring can differ between two
UTM’s used to compute that string. However no universe can contain more than one strong in-
ference device. So whereas the Kolmogorov complexity of a string is arbitrary up to specification
of the UTM, there is no such arbitrariness in the inference complexity of an inference task.

After presenting inference complexity, we informally discuss the philosophical implications
of all of our results to that point. In particular, we discusswhat it might mean for the universe
to “be” a computer. We also show how much of philosophy can be reduced to constraint satis-
faction problems, potentially involving infinite-dimensional spaces. We follow this discussion by
deriving some graph-theoretic properties governing the possible inference relationships among
any set of multiple inference devices in the same universe.

Our next contribution is an extension of the inference devices framework to include physical
devices that are used for control. Associated impossibility results provide fundamental limits on
the capabilities of physical control systems. After this wepresent an extension of the framework
to probabilistic inference devices. Of all the results in this paper, it is the impossibility results
concerning probabilistic inference devices that are the most similar to quantum mechanical im-

1 In contrast to the concept of syntactic information content, whose formalization by Shannon is the basis of conventional
information theory [37].
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possibility results. We end by presenting an extension of the framework that clarifies its relation
with semantic information.

The crucial property underlying our results is that inference devices are embodied in the very
physical system (namely the universe) about which they are making inferences. This embedding
property and its consequences have nothing to do with the precise laws governing the underly-
ing universe. In particular, those consequences do not involve chaotic dynamics as in [17,18],
nor quantum mechanical indeterminism. Similarly, they apply independent of the values of any
physical constants (in contrast, for example, to the work in[12]), and more generally apply to
every universe in a multiverse. Nor do the results presume limitations on where in the Chomsky
hierarchy an inference device lies. So for example they would apply to oracles, if there can be
oracles in our universe. In the limited sense of our impossibility results, Laplace was wrong to
claim that even in a classical, non-chaotic universe the future can be unerringly predicted, given
sufficient knowledge of the present [38]. Alternatively, these impossibility results can be viewed
as a non-quantum mechanical “uncertainty principle”.

All non-trivial proofs are in App. A. An earlier analysis addressing some of the issues consid-
ered in this paper can be found in [26].

1.1. Notation

We will take the set of binary numbersB to equal{−1, 1}, so that logical negation is indicated
by the minus sign. We will also takeΘ to be the Heaviside theta function that equals 1 if its
argument is non-negative, 0 otherwise.N is the natural numbers, 1, 2, . . .. For any functionΓ
with domainU, we will write the image ofU underΓ asΓ(U). For any functionΓ with domain
U that we will consider, we implicitly assume thatΓ(U) contains at least two distinct elements.
For any (potentially infinite) setW, |W | is the cardinality ofW. For any real numbera ∈ R, ⌈a
is the smallest integer greater than or equal toa. Given two functionsΓ1 andΓ2 with the same
domainU, we writeΓ1 ⊗ Γ2 for the function with domainU obeyingu ∈ U :→ (Γ1(u), Γ2(u)),
and with some abuse of terminology refer to this as the “product” of Γ1 andΓ2.

Given a functionΓ with domainU, we say that the partitioninduced by Γ is the family of
subsets{Γ−1(γ) : γ ∈ Γ(U)}. Intuitively, it is the family of subsets ofU each of which consists
of all elements having the same image underΓ. We will say that a partitionA over a spaceU
is a fine-graining of a partitionB overU (or equivalently thatB is a coarse-graining ofA) iff
everya ∈ A is a subset of someb ∈ B. Two partitionsA andB are fine-grainings of each other iff
A = B. Say a partitionA is finite and a fine-graining of a partitionB. Then|A| = |B| iff A = B.

Given a probability measure, the mutual information between two associated random variables
a, b conditioned on eventc is writtenM(a, b | c). The Shannon entropy of random variablea is
H(a).

2. Archetypal examples

We now illustrate that many (if not all) physical realizations of the processes of observation,
prediction, and memory share a certain mathematical structure. We do this by semi-formally
describing each of those processes, one after the other. Each such description uses language
that is purposely very similar to the other descriptions. Itis that very similarity of language that
demonstrates that the same mathematical structure arises as part of each of the processes. In the
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following sections of this paper we will formalize that mathematical structure, and then present
our formal results concerning it.2

If the reader becomes convinced of this shared mathematicalstructure before reading through
all the examples, (s)he is encouraged to skip to the next section. It is in that section that we
formalize the shared mathematical structure, as an “inference device”.

In all of the examples in this section,U is the space of all worldlines of the entire universe
that are consistent with the laws of physics (whatever they may be), andu indicates an element
of U. 3

Example 1: We start by describing a physical system that is a general-purpose observation de-
vice, capable of observing different aspects of the universe. LetS be some particular variable
concerning the universe whose value at some timet2 we want our device to observe. If the uni-
verse’s worldline isu, then the value ofS at t2 is given by some function ofu (e.g., it could be
given by a component ofu). Write that function asΓ; S (t2) = Γ(u).

The observation device consists of two parts: an observation apparatus, and a scientist who
uses (and interprets) that apparatus. To make our observation, the scientist must first configure
the observation apparatus to be in some appropriate state atsome timet1 < t2. (The idea is that
by changing how the observation apparatus is configured the scientist can change what aspect
of the universe he observes.) That configuration of the observation apparatus att1 is also given
by a function of the entire universe’s worldlineu, since the observation apparatus exists in the
universe. Write that function asχ, with rangeχ(U).

The goals is that if the apparatus has been properly configured, then sometime aftert1 it cou-
ples withS in such a way that at some timet3 > t2, the output display of the observation apparatus
accurately reflectsS (t2). Again, that output display exists in the universe. So its state att3 is a
function ofu; write that function asζ.

The scientist reads the output of the apparatus and interprets that output as this attempted
observation ofS (t2). It is this interpretation that imbues that output with semantic information.
Without such interpretation the output is just a meaningless (!) pattern, one that happens to be
physically coupled with the variable being observed. (As anextreme example of such meaning-
less coupling, if a tree falls in a forest, but the video that recorded the fall is encrypted in a way
that the scientist cannot undo, then the scientist does not “observe” that the tree fell by watching
the video .)

To formalize what such interpretation means, we must define “semantic information”. As men-
tioned above, we want the semantic information of a variables concerning a variabler to be what
an external scientist can infer aboutr by knowing the state ofs. In the current example this means
we require that the scientist can ask questions of the sort, “DoesS (t2) = K?” at t3, and thatζ(u)
provides the scientist with (possibly erroneous) answers to such questions. As an example, say
thatζ(u) is a display presenting integers from 0 to 1000, inclusive,with a special ’error’ symbol
for integers outside of that range. Since the scientist interprets the value on that display att3 as
the outcome of the observation ofS (t2), by looking at the display att3 the scientist is provided

2 Some might quibble that one or another of the these examples should involve additional structure, that what is presented
in that example does not fully capture the physical processes it claims to describe. (See App. B.) The important point is
that the structure presented in these examples is always found in real-world instances of the associated physical processes.
Whether or not there is additional structure that “should” be assumed is not relevant. The structure that is assumed in the
examples is sufficient to establish our formal results.
3 For expository simplicity we use the language of non-quantum mechanical systems in this paper. However most of
what follows holds just as well for a quantum-mechanical universe, if we interpret quantum mechanics appropriately.
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with (possibly erroneous) answers to the question “DoesS (t2) = K?” for all 1001 values ofK
that can be on the display.

To make this more precise, first note that any question like “DoesS (t2) = K?” can either be
answered ’yes’ or ’no’, and therefore is a binary function ofu. For everyK, write this associated
binary function ofu asqK ; ∀K,∀u ∈ U, qK(u) = 1 if S (t2) = Γ(u) = K, and it equals -1 otherwise.
Next, note that the brain of the scientist exists in the universe. So which (if any) of a set of such
possible binary questions concerning the universe the scientist is asking att3 is also a function
of u. We write that function asQ. In particular, we presume that any questionqK is one of the
elements in the range ofQ, i.e., it is one of the questions that (depending on the stateof the
scientist’s brain then) the scientist might be asking att3.

Now for any particular questionqK the scientist might be asking att3, the answer that the
scientist provides by interpreting the apparatus’ output is a bit. The value of that bit is specified
by the state of the scientist’s brain att3. (The premise being that the state of the scientist’s brain
was affected by the scientist’s reading and then interpreting the apparatus’ output.) So again,
since the scientist’s brain exists in the universe, the value of that answer bit is a function ofu. We
write that function asY.

It is the combination ofQ andY that comprise the scientist’s “interpretation” ofζ, and thereby
imbue any particularζ(u) with semantic content.Q(u) specifies a questionqK . ζ(u) then causes
Y(u) to have some associated value. We take that value to be (the scientist’s interpretation of) the
apparatus’ answer to the question of whetherqK(u) = 1 or qK(u) = −1 (i.e., of whetherS (t2) =
K). Combining,ζ(u) causesY(u) to have a value that we take to be (the scientist’s interpration
of) the apparatus’ answer to whether [Q(u)](u) = 1 or [Q(u)](u) = −1.

This scenario provides a set of requirements for what it means for the combination of the
observation apparatus and the scientist using that apparatus to be able to successfully observe the
state ofS at t2: First, we require that the scientist can configure the apparatus in such a way that
its output att3 givesΓ(u). We also require that the scientist can read and interpret that output.
This means at a minimum that for any question of the form “DoesΓ(u) = K?” the scientist can
both ask that question att3 and interpretζ(u) to accurately answer it.

To make this fully formal, we introduce a set of binary functions with domainΓ(U): ∀K, fK :
γ → 1 iff γ = K. Note that we have one such function for everyK ∈ Γ(U). Our requirement
for successful observation is that the observation apparatus can be configured so that, for anyfK ,
if the scientist were to consider an associated binary question at t3 and interpretζ(u) to answer
the question, then the scientist’s answer would necessarily equal fK(Γ(u)). In other words, there
is a valuec ∈ χ(U) such that for anyK ∈ Γ(U), there is an associatedqK ∈ Q(U) such that the
combination ofχ(u) = c andQ(u) = qK implies thatY(u) = fK(Γ(u)).

Intuitively, for the scientist to use the apparatus to “observe S (t2)” only means the scientist
must configure the apparatus appropriately; the scientist must force the universe to have a world-
line u such thatχ(u) = c, and that must in turn causeζ(u) to accurately giveΓ(u). In particular,
to “observeS (t2)” does not require that the scientist impose any particularvalue onQ(u). Rather
Q’s role is to provide a way to interpretζ(u). The only requirement made ofQ is thatif the sci-
entist were to ask a question like “DoesS (t2) equalK?”, thenQ(u) — determined by the state
of the scientist’s brain att3 — would equal that question, and the scientist’s answerY(u) would
be appropriately set byζ(u). It is by usingQ this way that we formalize the notion thatζ(u)
conveys information to the scientist concerningS (t2). The “observation is successful” if for any
such question the scientistmight pose (as reflected inQ(u)), their associated answer (as reflected
in Y(u)) properly matches the state ofS at t2.

We can motivate this use ofQ in a less nuanced, more direct way. Consider a scenario where
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the scientist cannot both pose all binary-valued questionsfK concerningS (t2) and correctly an-
swer them using the apparatus output,ζ(u). It would seem hard to justify the view that in this
scenario the combination of the scientist with the apparatus makes a “successful observation”
concerningS (t2).

Note that by defining an observation device as the combination of an observation appara-
tus with the external scientist who is using that apparatus,we are in a certain sense arriving at
a Wignerian approach to observation. In contrast to a more straight-forward many-worlds ap-
proach, we require that the state of the observation apparatus not just be correlated with the
variable being observed, but in fact contain semantic information concerning the variable be-
ing observed. This makes the external scientist using the observation apparatus crucial in our
approach, in contrast to the case with the many-worlds approach.

Example 2: This example is a slight variant of Ex. 1. In this variant, there is no scientist, just
“inanimate” pieces of hardware.

We change the apparatus of Ex. 1 slightly. First, we make the outputζ be binary-valued. We
also change the configuration functionχ, so that in addition to its previous duties, it also specifies
a question of the form, “DoesΓ(u) equalK?”. Then observation is successful if for anyK ∈ Γ(U),
the apparatus can be configured appropriately, so that its output correctly answers the question
of whetherS (t2) equalsK. In other words, observation is successful if for anyK ∈ Γ(U) there is
an associatedc ∈ χ(U) such that havingχ(u) = c implies thatY(u) = fK(Γ(u)).

Example 3: We now describe a physical system that is a general-purpose prediction device,
capable of correctly predicting different aspects of the universe’s future. LetS be some particular
variable concerning the universe whose value at some timet2 we want our device to predict. If
the universe’s worldline isu, then the value ofS at t2 is given by some function ofu which we
write asΓ; S (t2) = Γ(u).

The prediction device consists of two parts, a physical computer, and a scientist who programs
that computer to make the prediction and interprets the computer’s output as that prediction. To
“program the computer” means that the scientist initializes it at some timet1 < t2 to contain
some information concerning the state of the universe and torun a simulation of the dynamics of
the universe that uses that information. Accordingly, to “program the computer” to perform the
prediction means making it be in some appropriate state att1. (The idea is that by changing how
the computer is programmed, the scientist can change what aspect of the universe the computer
predicts.) That initialization of the computer is also given by a function of the entire universe’s
worldlineu, since the computer exists in the universe. Write that function asχ, with rangeχ(U).

The hope is that if the computer is properly programmed att1, then it runs a simulation con-
cerning the evolution of the universe that completes at sometime t3 > t1, and at that time displays
a correct prediction ofS (t2) on its output. (In general we would like to also havet3 < t2, so that
the simulation completes before the event being predicted actually occurs, but we don’t require
that.) Again, that output display exists in the universe. Soits state att3 is a function ofu; write
that function asζ.

The scientist reads the output of the computer and interprets it as this attempted prediction of
S (t2), thereby imbuing that output with semantic meaning. More precisely, for the valueζ(u) to
convey information to the scientist att3, we require that the scientist can ask questions of the sort,
“DoesS (t2) = K?” at t3, and thatζ(u) provides the scientist with (possibly erroneous) answers
to such questions.

As in Ex. 1, to make this more formal, we note that any questionlike “DoesS (t2) = K?” is a
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binary function ofu, of the sortqK presented in Ex. 1. Also as in Ex. 1, the brain of the scientist
exists in the universe. So which (if any) of a set of possible questions concerning the universe
the scientist is asking att3 is also a function ofu, which we again write asQ. Also as in Ex. 1,
the answer of the scientist to any such question is a bit that the scientist generates by interpreting
ζ(u). Since that answer is given by the state of the scientist’s brain at t3, it is a function ofu,
which as before we write asY.

So for the combination of the computer and the scientist using that computer to be able to
successfully predict the state ofS at t2 means two things: First, we require that the scientist
can program the computer in such a way that its output att3 givesΓ(u). We also require that
the scientist can read and interpret that output. More precisely, our requirement for successful
prediction is that the computer can be programmed so that, for any fK , if the scientist were to
consider an associated binary question att3 and interpretζ(u) to answer the question, then the
scientist’s answer would necessarily equalfK(Γ(u)). In other words, there is a valuec ∈ χ(U)
such that for anyK ∈ Γ(U), there is an associatedqK ∈ Q(U) such that the combination of
χ(u) = c andQ(u) = qK implies thatY(u) = fK(Γ(u)).

Just as in Ex. 1, for the scientist to use the apparatus to “predict S (t2)” only means the scientist
must program the computer appropriately; the scientist must force the universe to have a world-
line u such thatχ(u) = c, and that must in turn causeζ(u) to accurately giveΓ(u). In particular, to
“predictS (t2)” does not require that the scientist impose any particularvalue onQ(u). As before,
Q’s role is to provide a way to interpretζ(u).

Note that the “computer” in this example is defined in terms ofwhat it does, not in terms of
how it does it. This allows our formalization of prediction to avoid all issues of where exactly in
the Chomsky hierarchy some particular physical computer might lie.

Nothing in the formalizations ending Ex.’s 1 - 3 relies on theprecise choices of time-ordering
imposed on the valuest1, t2, t3, t4. Those formalizations only concern relations between functions
Γ, fk,Q, ζ andY, each having the entire worldline across all time as its domain. This fact means
that the same sort of formalization can be applied to “retrodiction”, as elaborated in the following
example.

Example 4: Say we have a system that we want to serve as a general-purposerecording and
recollection device, capable of correctly recording different aspects of the universe and recalling
them at a later time. LetS be some particular variable concerning the universe whose value at
some timet2 we want our device to record. If the universe’s worldline isu, then the value ofS at
t2 is given by some function ofu which we write as the functionΓ; S (t2) = Γ(u).

The recording device consists of two parts. The first is a physical recording apparatus that
records many characteristics of the universe. The second isa scientist who queries that apparatus
to see what it has recorded concerning some particular characteristic of the universe, and inter-
prets the apparatus’ response as that recording. To “query the apparatus” means that the scientist
makes some variable concerning the apparatus be in an appropriate state at some timet1 > t2.
(The idea is that by changing how the apparatus is queried, the scientist can change what aspect
of the universe’s past the apparatus displays to the scientist.) That state imposed on the variable
concerning the apparatus att1 is also given by a function of the entire universe’s worldline u,
since the apparatus exists in the universe. Write that function asχ, with rangeχ(U).

The hope is that if the apparatus functions properly and is properly queried att1, then it re-
trieves an accurate recording ofS (t2), and displays that recording on its output at some time
t3 > t1. Again, that output display of the apparatus exists in the universe. So its state att3 is a
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function ofu; write that function asζ.
The scientist reads the output of the apparatus and interprets it as this recording ofS (t2),

thereby imbuing that output with semantic meaning. More precisely, for the valueζ(u) to convey
information to the scientist att3, we require that the scientist can ask questions of the sort,“Does
S (t2) = K?” at t3, and thatζ(u) provides the scientist with (possibly erroneous) answersto such
questions.

As in Ex. 1, to make this more formal, we note that any such question is a binary function ofu,
of the sortqK presented in Ex. 1. Also as in Ex. 1, the brain of the scientistexists in the universe.
So which (if any) of a set of possible questions concerning the universe the scientist is asking at
t3 is also a function ofu, which we again write asQ. Also as in Ex. 1, the answer of the scientist
to any such question is a bit that the scientist generates by interpretingζ(u). Since that answer is
given by the state of the scientist’s brain att3, it is a function ofu, which as before we write asY.

So for the combination of the apparatus and the scientist using that apparatus to be able to
successfully record and recall the state ofS at t2 means two things: First, we require that the
scientist can query the apparatus in such a way that its output at t3 givesΓ(u). We also require
that the scientist can read and interpret that output. More precisely, our requirement for successful
recording and recollection is that the apparatus can be queried so that, for anyfK , if the scientist
were to consider an associated binary question att3 and interpretζ(u) to answer the question,
then the scientist’s answer would necessarily equalfK(Γ(u)). In other words, there is a value
c ∈ χ(U) such that for anyK ∈ Γ(U), there is an associatedqK ∈ Q(U) such that the combination
of χ(u) = c andQ(u) = qK implies thatY(u) = fK (Γ(u)).

Just as in Ex. 1, for the scientist to use the apparatus to “recall S (t2)” only means the scientist
must query the apparatus appropriately; the scientist mustforce the universe to have a worldline
u such thatχ(u) = c, and that must in turn causeζ(u) to accurately giveΓ(u). In particular, to
“recall S (t2)” does not require that the scientist impose any particularvalue onQ(u). As before,
Q’s role is to provide a way to interpretζ(u).

Note that nothing in this example specifies how the recordingprocess operates. This is just like
how nothing in Ex. 1 specifies how the observation apparatus couples withS , and how nothing
in Ex. 3 specifies what simulation the computer runs.

See [39,11,30] for discussion about the crucial role that recollection devices play in the psy-
chological arrow of time, and of the crucial dependence of such devices on the second law of
thermodynamics. As a result of their playing such a role, thelimitations on recollection devices
derived below have direct implications for the psychological and thermodynamic arrows of time.

Just as Ex. 2 varies Ex. 1 by removing the scientist, so Ex.’s 3and 4 can be varied to remove
the scientist.

3. Basic concepts

In this section we first formalize the mathematical structure that is shared among Ex.’s 1-4 of
Sec. 2. In doing so we substantially simplify that structure. After this formalization of the shared
structure in the examples we present some elementary results concerning that structure.
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3.1. Inference devices

Definition 1: An (inference) deviceover a setU is a pair of functions (X, Y), both with domain
U. Y is called theconclusion function of the device, and is surjective ontoB. X is called the
setupfunction of the device.

As an illustration, in all of Ex.’s 1-4, the setup function isthe composite function (χ,Q), and
the conclusion function isY. The value ofX(u) can loosely be interpreted as how the device is
“initialized / configured”.4 The value ofY(u) should instead be viewed as all that the device
predicts/observes/ recollects when it is done.A priori, we assume nothing about howX andY
are related. Note that we do not require that the compound map(X, Y) : u ∈ U → (X, Y)(u) be
surjective. There can be pairs of valuesx ∈ X(U), y ∈ Y(U) that never arise for the sameu.

Given some functionΓ with domainU and someγ ∈ Γ(U), we are interested in setting up a
device so that it is assured of correctly answering whetherΓ(u) = γ for the actual universeu.
Loosely speaking, we will formalize this with the conditionthatY(u) = 1 iff Γ(u) = γ for all u
that are consistent with some associated setup value of the device, i.e., such thatX(u) = x. If this
condition holds, then setting up the device to have setup value x guarantees that the device will
make the correct conclusion concerning whetherΓ(u) = γ. (Hence the terms “setup function”
and “conclusion function” in Def. 1.)

Note that this desired relationship betweenX, Y andΓ can hold even ifX(u) = x doesn’t
fix a unique value forY(u). Such non-uniqueness is typical when the device is being used for
observation. Setting up a device to observe a variable outside of that device restricts the set of
possible universes; only thoseu are allowed that are consistent with the observation devicebeing
set up that way to make the desired observation. But typically just setting up an observation
device to observe what value a variable has doesn’t uniquelyfix the value of that variable.

In general we will want to predict/ observe/ recollect a functionΓ that can take on more than
two values. This is done by appropriately choosingX(u). As mentioned,X(u) specifies what is
known about the outside world together with a simulation program (in the case of computer-
based prediction), or a specification of how to set up an observation apparatus (in the case of
observation), or a specification of what to remember (in the case of a memory device). But in
addition, in all those casesX(u) specifies one of the possible values ofΓ(u) (i.e., it specifies a
question of the form “DoesΓ(u) = γ?”). We then view the device’s conclusion bit as saying
whetherΓ(u) does/ doesn’t have that specified value. So for example if our device is a computer
being used to predict the value of some variable concerning the state of the world, then formally
speaking, the setup of the computer specifies a particular one of the possible values of that vari-
able (in addition to specifying other information like whatsimulation to run, what is known about
the outside world, etc.). Our hope is that the computer’s conclusion bit correctly answers whether
the variable has that value specified in how the computer is set up.

Intuitively, this amounts to using a unary representation of Γ(U). To formalize this with mini-
mal notation, we will use the following shorthand:

Definition 2: Let A be a set having at least two elements. Aprobe of A is a mapping fromA onto
B that equals 1 for one and only one argumenta ∈ A.

4 Care should be taken with this interpretation though. For example, in Ex. 1,χ concerns the state ofu at timet1, andQ
concerns the state ofu at t3. SoX “straddles multiple times”.
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So a probe ofA is a function that picks out a single one ofA’s possible values, i.e., it is a
Kronecker delta function whose second argument is fixed, andwhose image value 0 is replaced
by -1.

3.2. Notation for inference devices

We now have the tools to define what it means for an inference device to successfully observe
/ predict/ recall. Before presenting that definition we introduce someuseful notation.

Unless specified otherwise, a device written as “Ci” for any integeri is implicitly presumed
to have domainU, with setup functionXi and conclusion functionYi (and similarly for no sub-
script). Similarly, unless specified otherwise, expressions like “minxi” mean minxi∈Xi(U).

We define a probe of a device to be a probe of the image of the device’s conclusion function.
Given a functionΓ with domainU and a probef of Γ(U), we write f (Γ) as shorthand for the
functionu ∈ U → f (Γ(u)). We writeπ(A) to indicate the set of all probes of a setA, andπ(Γ) to
indicate the set of functions overU, { f (Γ) : f ∈ π(Γ(U))}.

Probes are a shorthand way of posing queries concerning membership in a set (e.g., queries
like “is it true thatu ∈ Y−1(y) for some particular valuey?”). All such queries are binary-valued
(which is why the range of probes isB). So couching the analysis in terms of probes essentially
amounts to representing all associated spaces in terms of bits. This has the advantage that it
allows us to avoid considering the ranges of any functions that arise in the analysis. In particular,
it allows us to avoid concern for whether one such range “matches up” with the domains and/or
ranges of other functions. For example, it allows us to avoidconcern for such matching between
the spaces defining two different inference devices when considering whether they infer each
other.. (See [26] for a more elaborate way of circumventing the need of those ranges to match.)

Say we are given a set of functions overU, {D1, d1,D2, d2, . . .E1, e1, E2, e2, . . .}. Then with
some abuse of terminology, we write “D1 = d1,D2 = d2, . . . ⇒ E1 = e1, E2 = e2, . . .” as
shorthand for “∃ u ∈ U such thatD1(u) = d1(u),D2 = d2, . . ., and∀ u ∈ U such thatD1(u) =
d1(u),D2 = d2, . . ., it is the case thatE1(u) = e1(u), e2(u) = E2(u), . . .”. We will often abuse
notation even further by allowingd1 to be an element ofD1’s range. In this case, “D1 = d1 ⇒

E1 = e1” is shorthand for“∃u ∈ U such thatD1 = d1, and∀ u ∈ U such thatD1(u) = d1, it is also
the case thatE1(u) = e1(u)”.

3.3. Weak inference

We can now formalize inference as follows:

Definition 3: A deviceC (weakly) infers a functionΓ over U iff ∀ f ∈ π(Γ), ∃ x such that
X = x ⇒ Y = f (Γ).

So using the definitions in the previous subsection,C weakly infersΓ iff ∀ f ∈ π(Γ), ∃ x ∈ X(U)
such that for allu ∈ U for which X(u) = x, Y(u) = f (Γ(u)).

Recall our stipulation that all functions overU take on at least two values, and so in particular
Γmust. Thereforeπ(Γ) is non-empty. We will writeC > Γ if C infersΓ. Expanding our shorthand
notation,C > Γ means that for allγ ∈ Γ(U), ∃x ∈ X(U) with the following property:∀u ∈ U :
X(u) = x, it must be thatY(u) = fγ(Γ(u)), where fγ : Γ(U) → B is the probe ofΓ’s range that
equals 1 iff Γ(u) = γ.
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Intuitively, to haveC > Γmeans that if the image value ofΓ is expressed as a list of answers to
questions of the form “DoesΓ(u) = γ?”, then we can set up the device so that it will guaranteedly
correctly conclude any particular answer in that list. Alternatively, the requirement that there be
an appropriatex for any probe function ofΓ can be viewed as shorthand; in the definition of
inference we are considering the ability of a device to correctly answer any member of a list
of binary-valued questions, a set that is “generated” byΓ. So weak-inference is a worst-case
definition: if a deviceC weakly infersΓ, then no matter what probef ∈ π(Γ) a malicious demon
might choose, the scientist could guarantee thatY = f (Γ) by choosing an associated valuex for
the value ofX.

To illustrate this, consider again Ex. 1. Identify theY in Def. 3 with theY in Ex. 1, and
similarly identify theΓ’s with each other. Then identify the functionX in Def. 3 as the product
of functions,χ ⊗ Q. (X, Y) specifies a deviceC. The functionsfK in Ex. 1 are the probes inπ(Γ).
So if C > Γ, then the aggregate system of scientist and observation apparatus can observeS (t2).
Note thatζ ends up being irrelevant. In essence, it serves as a conduit to transfer information into
the scientist’s brain.

In the many-worlds definition of an observation, any particular result of the observation is
identified with a solitary worldlineu. Intuitively, this might be worrisome; a solitaryu is just a
single point in a space, with no intrinsic mathematical structure. The properties of such a single
point can be drastically modified by an appropriate isomorphism overU. In particular, as has
been pointed out by many authors, in the many-worlds definition what gets “observed” can be
modified if one changes the basis ofU. (This is one of the major motivations for the work on
decoherence [40,41].)

However if a scientist makes an observation, then that scientist could provide the value of
any (binary-valued) function of the result of the observation, if they were asked to. So formally
requiring that the scientist be able to provide such values doesn’t preclude real-world instances
of observation. At the same time, adding such a requirement has substantial consequences. In
fact, it drives many of the results presented below concerning weak inference. This is why this
requirement is incorporated into the definition of weak inference. In other words, it is why the
definition of weak inference inherently involves multiple worldlinesu, in contrast to the many-
worlds definition of observation.

See Sec. 6.2 for a discussion of the philosophical aspects ofweak inference. The relation
between weak inference and the theory of knowledge functions [42,43,44,45] is briefly discussed
in Sec. 9. App. B contains a discussion of how unrestrictive the definition of weak inference is.
Finally, some alternative definitions of devices and weak inference are considered in App. C.

3.4. Elementary results concerning weak inference

We say that a deviceC1 infers a set of functions if it infers every function in that set. We also
sayC1 infers a deviceC2 iff C1 > Y2. In general inference among devices is non-transitive. In
addition we have the following elementary properties of devices:

Proposition 1: Let {Γi} be a set of functions with domainU andW ⊂ U.
i) If ∀i, |Γi(W)| ≥ 2, then there is a device overU that infers{Γi}.
ii) For any deviceC, there is a binary-valued function thatC does not infer.

Prop. 1(ii) means in particular that there are sets{Γi} such that no device can infer every function
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in that set.
In a limited sense, when applied to prediction (cf. Ex. 1), Prop. 1(ii) means that Laplace was

wrong: even if the universe were a giant clock, he would not have been able to reliably predict the
universe’s future state before it occurred.5 Viewed differently, Prop. 1(ii) means that regardless
of noise levels and the dimensions and other characteristics of the underlying attractors of the
physical dynamics of various systems, there cannot be a time-series prediction algorithm [48]
that is always correct in its prediction of the future state of such systems.

Note that time does not appear in Def. 3’s model of a prediction system. So in particular in
Ex. 3 we could havet3 < t2 — so that the time when the computer provides its prediction is
a f ter the event it is predicting — and the impossibility result of Prop. 1(ii) still holds (cf. Ex.
4). Moreover, the program that is input to the prediction computer via the value ofχ could even
contain the value that we want to predict. Prop. 1(ii) would still mean that the conclusion that the
computer’s user comes to after reading the computer’s output cannot be guaranteed to be correct.

This is all true even if the computer has super-Turing capability, and does not derive from
chaotic dynamics, physical limitations like the speed of light, or quantum mechanical limitations.
Indeed, when applied to an observation apparatus like in Ex.1, Prop. 1(ii) can be viewed as a
sort of non-quantum mechanical “uncertainty principle”, establishing that there is no general-
purpose, infallible observation device. (See also Prop. 6 below, which is perhaps more closely
analogous to the uncertainty principle.) In addition, whenapplied to the recording apparatus of
Ex. 4, Prop. 1(ii) means that there is no general-purpose, infallible recording device.

To illustrate this in more detail, consider the relatively simple scenario whereC is a computer
making a prediction at timet about the state of the (deterministic, classical) universeat t′ > t.
Let G be the set of all time-t states of the universe in whichC’s output display is+1. The laws
of physics can be used to evolveG forward to timet′. Label that evolved set of time-t′ states of
the universe asH. Let Γ be the binary-valued question, “does the state of the universe att′ lies
outside ofH?”.

There is no information concerningH that can be programmed intoC at some timet− < t
that guarantees that the resultant prediction thatC makes att is a correct answer to that question.
This is true no matter whatt− is, i.e., no matter how much timeC has to run that program before
making its answer at timet. It is also true no matter how much time there is betweent′ andt. It
is even true if the program with whichC is initialized explicitly gives the correct answer to the
question.

Similar results hold ift′ < t. In particular, such results hold ifC is an observation device
that we wish to configure so that at timet it correctly completes an observation process saying
whether the universe was outside ofH at time t′. We can even havet′ be earlier than the time
whenC is set up. In this case,C is a recording system that contains information about the past
and we wish to query it about whether the universe was outsideof H at t′. See [26] for further
discussion of these points.

While these limitations are unavoidable, often they are notrelevant, in that we are not inter-
ested in whether a device infers an arbitrary set of functions. Instead, often we are interested in
whether a devices infers some specified subset of all functions. Prop. 1(i) addresses that situation.

5 Similar conclusions have been reached previously [46,47].However in addition to being limited to the inference
process of prediction, that earlier work is quite informal.Furthermore, it unknowingly disputes well-established results
in engineering. For example, the claim in [46] that “a prediction concerning the narrator’s future ... cannot ... account
for the effect of the narrator’s learning that prediction” is refuted by adaptive control theory and Bellman’s equations.
Similarly, those with training in computer science will recognize statements (A3), (A4), and the notion of “structurally
identical predictors” in [47] as formally meaningless.
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In particular, given our assumption that any function overU must contain at least two values in
its range, it immediately implies the following:

Corollary 1:
i) Let {Γi} be a set of functions with domainU andW ⊂ U. If ∀i, Γi(U) = Γi(W),

then there is a device that infers{Γi}.
ii) For any functionΓ with domainU there is a device that infersΓ.

Another implication of Prop. 1(i) is the following:

Corollary 2: Let C = (X, Y) be a device overU where the partition induced byX is a fine-
graining of the partition induced byY. Then|X(U)| > 2 iff there is a function thatC infers.

Prop. 1(ii) tells us that any inference deviceC can be “thwarted” by an associated function.
However it does not forbid the possibility of some second device that can infer that function that
thwartsC. To analyze issues of this sort, and more generally to analyze the inference relationships
within sets of multiple functions and multiple devices, we start with the following definition:

Definition 4: Two devices (X1, Y1) and (X2, Y2) are(setup) distinguishableiff ∀ x1, x2, ∃ u ∈ U
s.t.X1(u) = x1, X2(u) = x2.

No device is distinguishable from itself. Distinguishability is non-transitive in general. Having
two devices be distinguishable means that no matter how the first device is set up, it is always
possible to set up the second one in an arbitrary fashion; thesetting up of the first device does not
preclude any options for setting up the second one. Intuitively, if two devices are not distinguish-
able, then the setup function of one of the devices is partially “controlled” by the setup function
of the other one. In such a situation, they are not two fully separate, independent devices.

By choosing the negation probef (y ∈ B) = −y we see that no device can weakly infer itself.
We also have the following:

Theorem 1:No two distinguishable devices can weakly infer each other.

Thm. 1 says that no matter how clever we are in designing a pairof inference devices, so long
as they are distinguishable from each another, one of them must thwart the other, providing a
function that the other device cannot infer. Whereas the impossibility result of Prop. 1(ii) relies
on constructing a special functionΓmatched toC, the implications of Thm. 1 are broader, in that
they establish that a whole class of functions cannot be inferred byC (namely the conclusion
functions of devices that are distinguishable fromC and also can inferC). It is important to
note that the distinguishability condition is crucial to Thm. 1; mutual weak inference can occur
between non-distinguishable devices.

Example 5:Consider a rectangular grid of particle pairs, each pair consisting of a yellow particle
and a purple particle. Say that all particles can either be spin up or spin down. Write the spin of
the purple particle at grid location (i, j) as sp(i, j), and the spin of the yellow particle there as
sy(i, j).

Such a grid is a setU consisting of all quadruples{i, j, sp(i, j), sy(i, j)}. Assume there are
at least twoi values, and at least one purple spin is up and at least one is down. Then we can
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define a “purple inference device”Cp by Xp(i, j, sp(i, j), sy(i, j)) , i andY p(i, j, sp(i, j), sy(i, j)) ,
sp(i, j). Similarly, a “yellow inference device” can be defined byXy(i, j, sp(i, j), sy(i, j)) , j and
Yy(i, j, sp(i, j), sy(i, j)) , sy(i, j) (assuming there are at least twoj’s and at least one yellow
particle is spin up and at least one is spin down).

These two devices are distinguishable. In addition,Cp > Cy if there is somei′ such that
sp(i′, j) = sy(i′, j) for all j, and also somei′′ such thatsp(i′′, j) = −sy(i′′, j) for all j. In such
a situation we can set up the purple device with a value (i′) that guarantees that its conclusion
correctly answers the question, “Doessy point up?”. Similarly, we can set it up with a value that
guarantees that its conclusion correctly answers the question, “Doessy point down?”.

However if there is such ani′ andi′′, then clearly there cannot also be both a valuej′ and a
value j′′ that the yellow inference device can use to answer whethersp points up and whether
sp points down, respectively. This impossibility holds regardless of the size of the grid and the
particular pattern of yellow and purple particles on the grid. Thm. 1 generalizes this impossibility
result.

As a general comment, the definition of what it means for a device to inferΓ can be re-
expressed in terms of the pre-images inU of Γ, {Γ−1(γ) : γ ∈ Γ(U)}. 6 Now in this paper we only
consider weak inference ofΓ’s that are functions. So none of those pre-images ofΓ intersect
the others; they comprise a partition ofU. However more generally, one might be interested in
inference ofΓ when some of the pre-images ofΓ have non-empty intersection with one another.
For example, one might wish to observe if some physical variable is in the range [0, 10], the
range [5, 20], or the range [15, 30]. Formally, the generalization to overlapping pre-images of
Γ arises by allowingΓ to be a correspondence rather than a function. The generalization of the
formalism to explicitly accommodate such correspondencesis beyond the scope of this paper.
Note though that since devices are pairs of functions, that generalization is not relevant for much
of the analysis concerning the inference of one device by another.

4. Turing machines, Universal Turing machines, and inference

There are several connections between inference and results in computer science [49]. In this
section we introduce some elementary concepts for exploring those connections.

4.1. Turing machines and inference

Consider a deterministic Turing Machine (TM) and write its internal state at iterationt asg(t),
with the state of its tape then being written ash(t). So the operation of the TM on a particular
initial value of its tapeh(t0) produces an infinite sequence{h(t0), g(t0), h(t0+ 1), g(t0+ 1), . . .}. (If
g(t) is the halt state, then for completeness we defineg(t′) = g(t), h(t′) = h(t) ∀t′ > t.) Which
such sequence the TM executes is determined by the valueh(t0) (assuming a default value for
g(t0)).

Next takeU to be the set of worldlines consistent with the laws of physics in our universe (and
no other worldlines). Hypothesize that it is consistent with those laws of physics to have some
particular TMT be physically instantiated in our universe, with iterationnumbert corresponding
to time in some particular reference frame. Then which sequenceT actually executes can be

6 Writing it out, if C infersΓ, then for all∀ γ ∈ Γ(U),∃ x ∈ X(U) such that [X−1(x) ∩ Y−1(1)] = [X−1(x) ∩ Γ−1(γ)].
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cast as a projection function of the worldlineu ∈ U. (Recall that worldlines extend across all
time.) Accordingly we can identify anyT as a functionΓ with domainU. The set of all possible
sequences ofT that can occur in our universe is simply a set of functionsΓ.

To be more precise, fixt0, and letHT be the set of all possible initial (timet0) values of
T ’s tape. DefineMT as the map by whichT takesh(t0) ∈ HT to the associated infinite sequence
{h(t0), g(t0), h(t0+1), g(t0+1), . . .}. MT can be viewed as definingT . Equivalently, we can express
T as a function overU, ΓT : ΓT projects everyu ∈ U in which T has initial tape stateh ∈ HT to
MT (h). MT andΓT have the same range (namely the set of all sequences thatT can generate),
but different domains (HT andU, respectively).

Now construct an inference deviceCT ≡ (XT , YT ) whereXT (U) ≡ {(h, f ) : h ∈ HT , f ∈
π(ΓT )}. Write the two components of any valueXT (u) asXT

h (u) andXT
f (u), whereXT

h (u) is defined

to be the valueh(t0) for the TMT when the worldline isu. SoXT
h “initializes” the TM. Note that

the second component ofX, XT
f , mapsu onto a space of functions overU (namely, the space

π(Γ)). Finally, defineYT : u→ 1 iff XT
f (u)[MT (XT

h (u))] = 1.

If XT is set up to be a particular initial state ofT ’s tape, together with a particular probe
concerning the resultant sequence of internal and tape states, then for anyu the conclusionYT (u)
is the actual value of that probe for the sequence of internaland tape states specified inu. Since
probes are simply a way to imbue the conclusion of the device with semantic meaning (recall Ex.
3 in Sec. 2), this means we can viewC as equivalent toT . In particular,CT infers the TM, i.e.,
CT > ΓT .

We can generalize this example, to identify inference devices in general as analogs of TM’s,
with inference being the analog of TM-style computation. All of the impossibility results pre-
sented above apply to these analogs of TM’s. To illustrate this, Prop. 1(ii) can be taken to mean
that for any such inference-based analog of a TM, there is some function that the device can-
not “compute”. In particular, this is true for the deviceCT that essentially equals the TMT . In
this, Prop. 1(ii) can be viewed as the analog for inference devices of the Halting theorem, which
concerns TM’s. Moreover, this reasoning concerning physical realizations of TM’s applies just
as well to other members of the Chomsky hierarchy besides TM’s, providing us with “halting
theorems” for those other members.

As a final comment on the relation between inference and TM-style computation, note that
inference by a deviceC is not a form of counter-factual “computation”. Inference by C does not
compute the answer to a question of the form “If{axioms} then{implications}”, unless there is
somex such that “{axioms}” actually holds for allu ∈ U thatC induces by settingX(u) = x. In
particular, if in our universe there is no physical instantiation of some particular TM, then there
is no device in our universe whose inference is computationally equivalent to that TM.

4.2. Universal Turing machines and inference

Now we investigate how to define an analog of Universal TuringMachines (UTM’s) for in-
ference devices. More precisely, we consider how to define what it means for one deviceC1 to
emulate the inference process of another deviceC2. (Just like a UTM emulates the computational
process of another TM.) One natural desideratum for such a definition is that forC1 to “emu-
late” C2 implies, at a minimum, thatC1 > C2. So for example, if the two devices are both being
used for prediction, this would mean thatC1 can correctly predict what predictionC2 will make
(whether or not that prediction byC2 is itself correct).
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However we wantC1 able to do more than infer the value ofY2(u); we wantC1 able to emulate
the entire mapping taking anyx2 to the associated value(s)Y2(X−1

2 (x2)). We wantC1 able to infer
what inferenceC2 might make forany setup valuex2, not just the inference thatC2 makes for
the members of a setX2[X−1

1 (x1)] picked out by some particularx1. This means that allx2’s must
be allowed.

One way to formalize this second desideratum is to require thatC1 can inferC2 using a setup
value that forces a uniquex2, and can do so for any desiredx2. More precisely, consider a par-
ticular case where we wantC1 to emulate the inference performed byC2 whenX2(u) = x2. We
can do this ifC1 infersY2, while the valuex1 used in that inference guarantees thatX2(u) = x2.
That guarantee means thatC1 infers the conclusion ofC2 whenC2 has the setup valuex2. Given
this interpretation of what it means forC1 to emulateC2 whenX2(u) = x2, to haveC1 emulate
C2 in full simply means that we require that such emulation be possible for anyx2 ∈ X2(U). So
formally, we require that∀ f ∈ π(Y2),∀x2,∃x1 such thatX1 = x1⇒ X2 = x2, Y1 = f (Y2).

A second formalization takes the opposite approach, and stipulates that the valuex1 used byC1

to inferC2 places no restrictions onx2 whatsoever. Formally, this means that∀ f ∈ π(Y2),∀x2,∃x1

such thatX−1
1 (x1) ∩ X−1

2 (x2) , ∅ andX1 = x1⇒ Y1 = f (Y2).
In analogy with UTM’s, one might say that under the first formalizationC1 specifies the “input

tape” toC2 for which C1 will emulateC2, and then successfully carries out that emulation, i.e.,
successfully “computes” whatC2 will produce in response to that input tape. To do this though
C1 must interfere withC2, forcing it to have that desired input tape. In contrast, under the second
formalization, there is no requirement thatX1 force a particular value ofX2. In particular, the
second formalization is obeyed if∀ f ∈ π(Y2), ∃x1 such thatX1 = x1 ⇒ Y1 = f (Y2) while at the
same timeX−1

1 (x1) ∩ X−1
2 (x2) , ∅ ∀x2. In such a situation,C1 can emulateC2 using anx1 that

doesn’t reflect howC2 is set up. (Physically, this usually requires that the system underlyingC1

must be coupled with the system underlyingC2 at some time, so thatx2 can be made known to
C1.)

Despite this apparent difference, these two formalizations of our second desideratumreflect
the same underlying mathematical structure. To see this, define a composite deviceC′ = (X′, Y′)
whereX′ : u→ (X1(u), X2(u)) andY′ = Y1. Then under our second formalization of “emulation”,
for C1 to emulateC2 implies that∀ f ∈ π(Y2),∀x2,∃x′ such thatX′−1(x′) ∩ X−1

2 (x2) , ∅ and
X′ = x′ ⇒ X2 = x2, Y′ = f (Y2). HoweverX′−1(x′) ∩ X−1

2 (x2) , ∅ means thatX′ = x′ ⇒
X2 = x2, by definition ofX′. So this second formalization of what it means forC1 to emulateC2

stipulates a relation betweenC′ andC2 that is identical to the relation betweenC1 andC2 under
the first formalization. In this sense, our second formalization reduces to our first. Accordingly,
we concentrate on the first formalization, and make the following definition:

Definition 5: A device (X1, Y1) strongly infers a device (X2, Y2) iff ∀ f ∈ π(Y2) and allx2, ∃ x1

such thatX1 = x1⇒ X2 = x2, Y1 = f (Y2).

If ( X1, Y1) strongly infers (X2, Y2) we write (X1, Y1)≫ (X2, Y2). 7 See App. B for a discussion of
how minimal the definition of strong inference really is.

Say we have a TMT1 that can emulate another TMT2, e.g.,T1 is a UTM. This means thatT1

can calculate anything thatT2 can. The analogous property holds for strong and weak inference.

7 Note that there are only two probes ofY2, the identity probef (y2) = y2 and the negation probe,f (y2) = −y2. Indicate
those two probes byf = 1 and f = −1, respectively. Then we can expressX1 = x1 ⇒ X2 = x2, Y1 = f (Y2) in set-theoretic
terms, asX−1

1 (x1) ⊆ X−1
2 (x2) ∩ (Y1Y2)−1( f ), whereY1Y2 is the functionu ∈ U → Y1(u)Y2(u).
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In addition, like UTM-style emulation (but unlike weak inference), strong inference is transitive.
These results are formalized as follows:

Theorem 2: Let C1, C2 andC3 be a set of inference devices overU andΓ a function overU.
Then:

i) C1 ≫ C2 andC2 > Γ⇒ C1 > Γ.
ii) C1 ≫ C2 andC2 ≫ C3⇒ C1 ≫ C3.

Strong inference implies weak inference, i.e.,C1 ≫ C2 ⇒ C1 > C2. We also have the follow-
ing strong inference analogs of Prop. 1(ii) and Coroll. 1 (which concerns weak inference):

Proposition 2: Let C1 be a device overU.
i) There is a deviceC2 such thatC1 4 C2.
ii) Say that∀ x1, |X−1

1 (x1)| > 2. Then there is a deviceC2 such thatC2 ≫ C1.

Recall that the Halting problem concerns whether there is a UTM T with the following prop-
erty: Given any TMT ′ and associated input strings′, if T ′ ands′ are encoded as an input string
to T , thenT always correctly decides whetherT ′ halts on inputs′. The Halting theorem then
says that there can be no such UTMT . Intuitively, Prop. 2(i) can be viewed as an analog of this
theorem, in the context of inference. (See also Prop. 7 below.)

In general we are not interested in whether a device can strongly infer an arbitrary set of other
devices, but rather with the strong inference relationships among the members of a particular
set of devices. Just like with weak inference, no device can strongly infer itself. This can be
generalized to concern a set of multiple devices as follows:

Theorem 3:No two devices can strongly infer each other.

Note that Thm. 3 does not require distinguishability, in contrast to Thm. 1.

5. Inference Complexity

In computer science, given a TMT , the Kolmogorov complexity of an output strings is defined
as the length of the smallest input strings′ that when input toT producess as output. To construct
our inference device analog of this, we need to define the “length” of an input region of an
inference deviceC. To do this, we assume we are given a measuredµ overU, and for simplicity
restrict attention to functionsG over U with countable range. Then we define thelength of
g ∈ G(U) as -ln[

∫

dµ G−1(g)], i.e., the negative logarithm of the volume of allu ∈ U such that
G(u) = g. We write this length asLC(g), or justL (g) for short.8

Definition 6: Let C be a device andΓ a function overU whereX(U) andΓ(U) are countable and
C > Γ. Theinference complexityof Γ with respect toC is defined as

8 If
∫

dµ 1 = ∞, then we instead work with differences in logarithms of volumes, evaluated under an appropriate limit
of dµ that takes

∫

dµ 1→ ∞. For example, we might work with such differences whenU is taken to be a box whose size
goes to infinity. This is just the usual physics trick for dealing with infinite volumes.
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C (Γ | C) ,
∑

f∈π(Γ)

minx:X=x⇒Y= f (Γ)[L (x)].

The inference complexity ofΓ with respect toC is the sum of a set of “complexities”, one
for each probe ofΓ, f . Loosely speaking, each of those complexities is the minimal amount
of Shannon information that must be imposed inC’s setup function in order to ensure thatC
correctly concludes what valuef has. In particular, ifΓ corresponds to a potential future state of
some systemS external toC, thenC (Γ | C) is a measure of how difficult it is for C to predict
that future state ofS . Loosely speaking, the more sensitively that future state depends on current
conditions, the more complex is the computation of that future state.

Example 6:Consider a conventional real-world computer, with a subsection of its RAM set aside
to contain the program it will run, and a separate subsectionset aside to contain the conclusion
that the program will produce. Say the total number of bits inthe program subsection of the
RAM is 2k + k for some integerk. Refer to any set of 2k + k bits as a “complete string”; the set of
all complete strings is the set of all possible bit strings inthe program subsection of the RAM.

Let Σk be the set of all bit stringss consisting of at leastk bits such that the firstk bits are a
binary encoding of the total number of bits ins beyond those firstk bits. So every element of
Σk can be read into the beginning of the RAM’s program subsection. For anys ∈ Σk define an
associated “partial string” as the set of all complete strings whose first bits ares. Intuitively, for
any such complete string, all of its bits beyonds are “wild cards”. (Such partial strings are just
the “files” of real-world operating systems.) With some abuse of terminology, when we write “s”
we will sometimes actually mean the partial string thats specifies.

We can identify a particular program input to the computer assuch a partial string in its pro-
gram subsection. If we append certain bits to such ans (modifying the contents of the firstk bits
appropriately) to get a new longer program partial string,s′, the set of complete strings consistent
with s′ is a proper subset of the set of complete strings consistent with s.

Define the length of a partial strings as the negative of the logarithm of the number of complete
strings that haves at their beginning, minusk. This matches the usual definition of the length of a
string used in computer science. In particular, ifs′ containsn more bits than doess, then there are
2n times as many complete strings consistent withs as there are consistent withs′. Accordingly,
if we take logarithms to have base 2, the length ofs′ equals the length ofs, plusn.

Now view our physical computer as an inference device, withU the Cartesian product of the
set of all possible bit strings in the RAM of the computer together with some countable-valued
variables concerning the world outside of the computer. Refer to the components of anyu ∈ U
specifying the bit string in the program subsection of the RAM as the “program subsection ofu”,
and similarly for the “conclusion subsection ofu”.

For the computer to be an inference device means that the conclusion subsection ofu consists
of a single bit, i.e.,Y maps allu ∈ U to the (bit) value of the conclusion subsection of the
computer’s RAM as specified byu. For allu ∈ U, haveX(u) be the bit string at the beginning of
the program subsection ofu whose length is given by the firstk bits of that program subsection
of u. So x is a partial string of the RAM’s program subsection. In general, there are many sets
each consisting of multipleu ∈ U that have the same image underX, i.e., there are manyx such
thatX−1(x) consists of multiple elements. If we adopt the uniform point measuredµ, thenL (x)
is just the negative logarithm of the number of such elementsin X−1(x), i.e., the length of the
partial stringx in the program subsection of the computer’s RAM.

Now say we want our computer to make a prediction concerning the value ofΓ(U), one of
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the variables associated with the world outside of the computer. As usual, we interpret this to
mean that for anyγ ∈ Γ(U), there is some partial string we can read into the computer’s program
subsection that contains enough information concerningΓ and the state of the world so that the
computer’s conclusion will correctly say whetherΓ(u) = γ. The inference complexity of that
prediction ofΓ is the sum, over all such probesf of Γ, of the length of the shortest partial string
in the computer’s program subsection that cause it to correctly conclude the value off .

The min overx’s in Def. 6 is a direct analog of the min in the definition of Kolmogorov
complexity (there the min is over those strings that when input to a particular UTM result in the
desired output string). A natural modification to Def. 6 is toremove the min by considering all
x’s that causeY = f (Γ), not just of one of them:

Ĉ (Γ | C) ,
∑

f∈π(Γ)

−ln
[

µ
(

∪x:X=x⇒Y= f (Γ)X
−1(x)

) ]

=
∑

f∈π(Γ)

−ln

















∑

x:X=x⇒Y= f (Γ)

e−L (x)

















,

where the equality follows from the fact that for anyx, x′ , x, X−1(x) ∩ X−1(x′) = ∅. The
argument of the ln in this modified version of inference complexity has a direct analog in TM
theory: The sum, over all input stringss to a UTM that generate a desired output strings′, of
2−n(s), wheren(s) is the bit length ofs.

We now bound how much more complex a function can appear toC1 than toC2 if C1 can
strongly inferC2.

Theorem 4:LetC1 andC2 be two devices andΓ a function overU whereΓ(U) is finite,C1 ≫ C2,
andC2 > Γ. Then

C (Γ | C1) − C (Γ | C2) ≤ |Γ(U)| maxx2minx1:X1=x1⇒X2=x2,Y1=Y2[L (x1) −L (x2)].

Note that sinceL (x1)−L (x2) = ln[
X−1

2 (x2)

X−1
1 (x1)

], the bound in Thm. 4 is independent of the units with

which one measures volume inU. (Cf. footnote 8.) Furthermore, recall thatX1 = x1 ⇒ X2 =

x2, Y1 = Y2 iff X−1
1 (x1) ⊆ X−1

2 (x2) ∩ (Y1Y2)−1(1). (Cf. footnote 7.) Accordingly, for all (x1, x2)

pairs arising in the bound in Thm. 4,
X−1

2 (x2)

X−1
1 (x1)

≥ 1. So the bound in Thm. 4 is always non-negative.

An important result in the theory of UTM’s is an upper bound onthe difference between the
Kolmogorov complexity of a string using a particular UTMT1 and its complexity if using a
different UTM,T2. This bound is independent of the computation to be performed, and can be
viewed as the Kolmogorov complexity ofT1 emulatingT2.

The bound in Thm. 4 is the analog of this UTM result, for inference devices. In particular, the
bound in Thm. 4 is independent of all aspects ofΓ except the cardinality ofΓ(U). Intuitively,
the bound is|Γ(U)| times the worst-case amount of “computational work” thatC1 has to do to
“emulate”C2’s behavior for some particular value ofx2.
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6. Realities and copies of devices

In this section the discussion is broadened to allow sets of many functions to be inferred and
/ or inference devices. Some of the philosophical implications of the ensuing results are then
discussed.

6.1. Formal results

To analyze relationships among multiple devices and functions, define areality as a pair
(U; {Fφ}) whereU is a space and{Fφ} is a (perhaps uncountable) non-empty set of functions
all having domainU. We will sometimes say thatU is thedomain of the reality. We are par-
ticularly interested indevice realitiesin which some of the functions are binary-valued, and we
wish to pair each of those functions uniquely with some of theother functions. Such realities can
be written as the triple (U; {(Xα, Yα)}; {Γβ}) ≡ (U; {Cα}; {Γβ}) where{Cα} is a set of devices over
U and{Γβ} a set of functions overU.

Define auniversal deviceas any device in a reality that can strongly infer all other devices
and weakly infer all functions in that reality. Thm. 3 means that no reality can contain more than
one universal device. So in particular, if a reality contains at least one universal device, then it has
a unique natural choice for an inference complexity measure, namely the inference complexity
with respect to its (unique) universal device. (This contrasts with Kolmogorov complexity, which
depends on the arbitrary choice of what UTM to use.)

It is useful to define thereduced formof a reality (U; {Fφ}) as the range of
⊗

φ
Fφ. Expanding,

this equals∪u∈U [
�
φ Fφ](u), the union over allu of the tuples formed by a Cartesian product,

running over allφ, of the valuesFφ(u). In particular, the reduced form of a device reality is the
set of all tuples ([x1, y1], [x2, y2], . . . ; γ1, γ2, . . .) for which ∃ u ∈ U such that simultaneously
X1(u) = x1, Y1(u) = y1, X2(u) = x2, Y2(u) = y2, . . . ; Γ1(u) = γ1, Γ2(u) = γ2, . . ..

As an example, takeU to be the set of all worldlines consistent with the laws of physics (and
no other worldlines). So for example, if one wants to consider a universe in which the laws of
physics are time-reversible and deterministic, then we require that no two distinct members of
U can intersect. Similarly, properties like time-translation invariance can be imposed onU, as
can more elaborate laws involving physical constants. Which such particular properties ofU are
imposed depends on what the laws of physics are.

Next, have{Γβ} be a set of physical characteristics of the universe, each characteristic perhaps
defined in terms of the values of one or more physical variables at multiple locations and/or
multiple times. Finally, have{Cα} be all prediction/ observation systems concerning the universe
that all scientists might ever be involved in.

This example is the conventional way to interpret our universe as a reality. In this example the
laws of physics are embodied inU. The implications of those laws for the relationships amongthe
scientist devices{Cα} and the other characteristics of the universe{Γβ} is embodied in the reduced
form of the reality. Viewing the universe this way, it is theu ∈ U, specifying the universe’s state
for all time, that has “physical meaning”. The reduced form instead is a logical implication of the
laws of the universe. In particular, our universe’su picks out the tuple [

�
αCα(u)] × [

�
β Γβ(u)]

from the reduced form of the reality.
As an alternative we can view the reduced form of the reality as encapsulating the “physical

meaning” of the universe. In this alternativeu does not have any physical meaning. It is only
the relationships among the inferences aboutu that one might want to make and the devices
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with which to try to make those inferences that has physical meaning. One could completely
change the spaceU and the functions defined over it, but if the associated reduced form of the
reality does not change, then there is no way that the devicesin that reality, when considering
the functions in that reality, can tell that they are now defined over a differentU. In this view, the
laws of physics i.e., a choice for the setU, are simply a calculational shortcut for encapsulating
patterns in the reduced form of the reality. It is a particular instantiation of those patterns that has
physical meaning, not some particular elementu ∈ U.

Given a reality (U; {(X1, Y1), (X2, Y2), . . .}), we say that a pair of devices in it arepairwise
distinguishable if they are distinguishable. We say that a device (Xi, Yi) in that reality isoutside
distinguishable iff ∀ xi ∈ Xi(U) and all x′

−i in the range of
⊗

j,i X j, there is au ∈ U such
that simultaneouslyXi(u) = xi andX j(u) = x′j ∀ j , i. (Note that that range may be a proper
subset of

�
j,i X j(U).) We say that the reality as a whole ismutually (setup) distinguishableiff

∀ x1 ∈ X1(U), x2 ∈ X2(U), . . . ∃ u ∈ U s.t.X1(u) = x1, X2(u) = x2, . . ..

Proposition 3:
i) There exist realities (U; C1,C2,C3) where each pair of devices is setup distinguishable

andC1 > C2 > C3 > C1.
ii) There exists no reality (U; {Ci : i ∈ N ⊆ N}) where the devices are mutually

distinguishable and for some integern, C1 > C2 > . . . > Cn > C1.
iii) There exists no reality (U; {Ci : i ∈ N ⊆ N}) where for some integern, C1 ≫ C2 ≫

. . .≫ Cn ≫ C1.

Consider a reality with a countable set of devices{Ci}. There are many ways to view such
a reality as a graph, for example by having each node be a device while the edges between
the nodes concern distinguishability of the associated devices, or concern whether one weakly
infers the other, etc. There are restrictions on what graphsof those various sorts can exist. As an
example, given a countable reality, define an associated directed graph by identifying each device
with a separate node in the graph, and by identifying each relationship of the formCi ≫ C j with
a directed edge going from nodei to node j. We call this thestrong inference graphof the
reality.

Thm. 3 means that a universal device in a reality must be a rootnode of the strong inference
graph of the reality. Applying Th. 3 again shows that the strong inference graph of a reality with
a universal device must contain exactly one root. In addition, by Thm. 2(ii), we know that every
node in a reality’s strong inference graph has edges that lead directly to every one of its successor
nodes (whether or not there is a universal device in the reality). By Prop. 3(iii) we also know that
a reality’s strong inference graph is acyclic. This latter fact establishes the following:

Proposition 4: Let D be a finite subset of the devices in a reality, where the stronginference
graph of the reality is weakly connected overD. Say that any pair of distinct devices inD that
are not connected by an edge of the strong inference graph aresetup distinguishable.

Then the strong inference graph of the reality has one and only one root overD.

Results of this sort mean there are unavoidable asymmetriesin the strong inference graphs of
realities. These asymmetries provide a preferred direction of strong inference in realities, akin to
the preferred direction in time provided by the second law ofthermodynamics.

Note that even if a deviceC1 can strongly infer all other devicesCi>1 in a reality, it may
not be able to infer themsimultaneously (strongly or weakly). For example, defineΓ : u →
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(Y2(u), Y3(u), . . .). Then the fact thatC1 is a universal device does not mean that∀ f ∈ π(Γ) ∃ x1 :
Y1 = f (Γ). See the discussion in [26] on “omniscient devices” for more on this point.

We now define what it means for two devices to operate in an identical manner:

Definition 7: Let U andÛ be two (perhaps identical) sets. LetC1 be a device in a reality with
domainU. LetR1 be the relation betweenX1 andY1 specified by the reduced form of that reality,
i.e., x1R1y1 iff the pair (x1, y1) occurs in some tuple in the reduced form of the reality. Similarly
let R2 be the relation betweenX2 andY2 for some separate deviceC2 in the reduced form of a
reality having domain̂U.

Then we say thatC1 mimics C2 iff there is an injection,ρX : X2(Û) → X1(U) and a bijection
ρY : Y2(Û)↔ Y1(U), such that for∀x2, y2, x2R2y2 ⇔ ρX(x2)R1ρY (y2). If both C1 mimicsC2 and
vice-versa, we say thatC1 andC2 arecopiesof each other.

Note that becauseρX in Def. 7 may not be surjective, one device may mimic multipleother
devices. (Surjectivity ofρY simply reflects the fact that since we’re considering devices,Y1(U) =
Y2(U) = B.) The relation of one device mimicing another is reflexive and transitive. The relation
of two devices being copies is an equivalence relation.

Intuitively, when expressed as devices, two physical systems are copies if they follow the
same inference algorithm withρX andρY translating between those systems. In particular, say a
reality contains two separate physical computers that are inference devices, both being used for
prediction. If those devices are copies of each other, then they form the same conclusion for the
same value of their setup function, i.e., they perform the same computation for the same input.

As another example, say that the states of some physical system S at a particular timet and
shortly thereafter att+δ are identified as the setup and conclusion values of a deviceC1. In other
words,C1 is given by the functions (X1(u), Y1(u)) , (S (ut), S (ut+δ)). In addition, letRS be the
relation betweenX1 andY1 specified by the reduced form of the reality containing the system.
Say that the time-translation ofC1, given by the two functionsS (ut′) andS (ut′+δ), also obeys the
relationRS . Then the pair of functions (X2(u), Y2(u)) , (S (ut′), S (ut′+δ)) is another device that
is copy ofC1. So for example, the same physical computer at two separate pairs of moments is
two separate devices, devices that are copies of each other,assuming they have the same set of
allowed computations.

Say that an inference deviceC2 is being used for observation andC1 mimicsC2. The fact that
C1 mimicsC2 does not imply thatC1 can emulate the observation thatC2 makes of some outside
functionΓ. The mimicry property only relatesC1 andC2, with no concern for third relationships
with any third function. (This is why for one device to “emulate” another is defined in terms of
strong inference rather than in terms of mimicry.)

Next for future use we note the following fact that is almost obvious (despite being so compli-
cated):

Lemma 1: Let K1 be the set of reduced forms of all device realities. LetK2 be the set of all
setsk with the following property:k can be written as{(

�
α∈A (sr

α, t
r
α) ×

�
β∈B vr

β
) : r ∈ R}

for some associatedA ,B andR such that for allα, ∪rtr
α = B and | ∪r sr

α| ≥ 2, while for all
β ∈ B, | ∪r vr

β
| ≥ 2. ThenK1 = K2. In particular, anyk ∈ K2 is the reduced form of a reality

(U; {Cα}, {Γβ}), where for allα ∈ A , β ∈ B, u ∈ U, there is some associatedr ∈ R such that
simultaneouslyXα(u) = sr

α, Yα(u) = tr
α, andΓβ(u) = vr

β
.

Next, fix a counting numberm and a set ofm cardinalities,{Ωi : i = 1, . . .m}. Let M be the set
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of all realities each of which comprisesm functions, where the ranges of thosem functions have
the associated cardinalities{Ωi : i = 1, . . .m}.

Now say we ask whether there is a reality inM whosem functions have some particular rela-
tionship(s) with one another. (Answers to such questions form most of the results of the earlier
parts of this paper.) Lemma 1 allows us to transform this question into a constraint satisfac-
tion problem over an associated space of tuples. This transformation changes set of “specified
relationship(s)” into a set of simultaneous constraints over the associated space of tuples. The
precise type of constraint satisfaction problem produced by the transformation (integer-valued,
real-valued, etc.) is determined by the space of tuples under consideration, i.e., by the cardinali-
ties of the images of the functions that constitute the reality.

Often though we can use Lemma 1 more directly to answer questions concerning realities,
without invoking any techniques for solving constraint satisfaction problems. An example occurs
in the proof of the following result:

Proposition 5: Let C1 be a copy ofC2.
i) It is possible thatC1 andC2 are distinguishable andC1 > C2, even for finiteX1(U), X2(U).
ii) It is possible thatC1 ≫ C2, but only if X1(U) andX2(U) are both infinite.

6.2. Philosophical implications

Return now to the case whereU is a set of laws of physics (i.e., the set of all worldlines consis-
tent with a set of such laws). The results of this subsection provide general restrictions that must
relate any devices in such a universe, regardless of the detailed nature of the laws of that universe.
In particular, these results would have to be obeyed by all universes in a multiverse [27,28,29].

Accordingly, it is interesting to consider these results from an informal philosophical perspec-
tive. Say we have a deviceC in a reality that is outside distinguishable. Such a device can be
viewed as having “free will”, in that the way the other devices are set up does not restrict how
C can be set up. Under this interpretation, Thm. 1 means that iftwo devices both have free will,
then they cannot predict/ recall/ observe each other with guaranteed complete accuracy. A real-
ity can have at most one of its devices that has free will and can predict/ recall/ observe the other
devices in that reality with guaranteed complete accuracy.(Similar conclusions hold for whether
the devices can “control” each other; see Sec. 7 below.)

Thm. 3 then goes further and considers devices that can emulate each other. It shows that
independent of concerns of free will, no two devices can unerringly emulate each other. (In other
words, no reality can have more than one universal device.) Somewhat tongue in cheek, taken
together, these results could be called a “monotheism theorem”.

Now suppose that the domain of a reality is a set of worldlinesextending across time, and
consider “physical” devices that are identified with systems evolving in time. (See discussion
just after Def. 7.) Prop. 5 tells us that any universal devicemust be infinite (have infiniteX(U)) if
there are other devices in the reality that are copies of it. Since the time-translation of a physical
device is a copy of that device, this means any physical device that is ever universal must be
infinite. In addition, the impossibility of multiple universal devices in a reality means that if any
physical device is universal, it can only be so at one moment in time. (Its time-translation cannot
be universal.) Again somewhat tongue in cheek, taken together this second set of results could
be called an “intelligent design theorem”. (See Sec. 7 for related limitations concerning devices
that are used to control one another.)
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In addition to the questions addressed by the monotheism andintelligent design theorems,
there are many other semi-philosophical questions one can ask of the form “Can there be a
reality with the following properties?”. As mentioned above, Lemma 1 can be used to reduce
all such questions to a constraint satisfaction problem, potentially involving infinite-dimensional
spaces. In other words, much of philosophy can be reduced to constraint satisfaction problems.

As a final comment, while it is most straight-forward to applythe results of this subsection
to physical universes, they can be applied more widely. In particular, somewhat speculatively,
one can consider applying them to mathematical logic itself. In such an application eachu ∈ U
would be a (perhaps infinite) string over some alphabet. For example,U might be defined as
the set of all strings that are “true” under some encoding that translates a string into axioms and
associated logical implications. Then an inference devicewould be a (perhaps fallible) theorem-
proving algorithm, embodied withinU itself. The results of this subsection would then concern
the relation among such theorem-proving algorithms.

7. Control devices

In weak inference there is no causal arrow fromΓ to X. In fact, the only causal arrow goes
from the device to the function being inferred (in thatX’s value forces something aboutΓ’s value)
rather than vice-versa. This reflects what it means for us to be able to set up a device so that it is
guaranteed correct in its prediction/ observation/memory.

This causal arrow from the device to the function does not mean that the device controls the
function. The reason is thatX’s value doesn’t setΓ’s value, but only forces that value to be
consistent withY. This motivates the following definition:

Definition 8: A deviceC controls a functionΓ over U iff ∀ f ∈ π(Γ), ∀b ∈ B,∃x such that
X = x ⇒ Y = f (Γ) = b. C semi-controlsΓ iff ∀γ ∈ Γ(U), ∃ x such thatX = x ⇒ Γ = γ.

Semi-control has nothing to do with the conclusion functionY of the device; that function
enters when one strengthens the definition of semi-control to get the definition of control. To see
this, note thatC semi-controlsΓ iff ∀ f ∈ π(Γ), ∃x such thatX = x ⇒ f (Γ) = 1. However if
X = x forces f (Γ) = 1, then for any probef ′ , f , X = x forces f ′(Γ) = 0. SoC semi-controls
Γ iff ∀ f ∈ π(Γ), ∀b ∈ B,∃x such thatX = x ⇒ f (Γ) = b. This is just the definition of control,
without the extra condition that controls imposes on the value of Y. We say that one deviceC
(semi-) controls another if it (semi-) controls the conclusion function of that second device.

The weakness of the semi-control concept is that it stipulates nothing concerning whetherC
“knows” (infers) that some valuex forcesΓ into the statef −1(b). In this, it doesn’t capture the
intuitive notion of “control”. Accordingly, in the formalization of Def. 8, we stipulate that you
do not fully control a function if you force it to have some value but don’t know what that value
is.

If the partition induced byX is a refinement of the partition induced byΓ [50], and in particular
if it is a fine-graining of that partition, thenC semi-controlsΓ. Note also that ifΓ is binary-valued,
then havingC semi-controlΓ means there is both anx such thatX(u) = x ⇒ u ∈ Γ−1(1) and an
x′ such thatX(u) = x′ ⇒ u ∈ Γ−1(−1). In the language of formal epistemology [42,43,45,44],
this means thatX−1(x) andX−1(x′) are the values of a “knowledge function” evaluated for two
arguments: the subsetΓ−1(1) and the subsetΓ−1(−1), respectively. (See Sec. 9 below.)

Clearly control implies semi-control. In addition, if one device C1 strongly infers another
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deviceC2, thenC1 semi-controlsX2, though it may not semi-controlY2. Control implies weak
inference, i.e., ifC1 controls a functionΓ thenC1 > Γ. The logical converse need not hold though.

Since control implies weak inference, all impossibility results concerning weak inference also
apply to control. In particular, no device can control itself, and no two distinguishable devices
can control each other. In fact we can make the following stronger statement, which essentially
states that if two partitions are refinements of each another, they must be identical:

Theorem 5: If two devicesC1 andC2 simultaneously semi-control one another’s setup functions,
then the partitions induced byX1 andX2 are identical.

Intuitively, Thm. 5 means that if two devices simultaneously semi-control one another’s setup
functions, then those setup functions are identical, up to arelabeling of their ranges. This provides
the following results contrasting with Thm. 1 and Thm. 3:

Corollary 3: Let C1 andC2 be two devices that simultaneously semi-control one another’s setup
functions.

i) C1 > C2 ⇔ C2 > C1.
ii) Neither device strongly infers the other.
iii) Neither device controls the other’s setup function.

8. Stochastic devices

In the analysis above there is no probability measureP over U. There are several ways to
extend the analysis to incorporate such a probability measure, so that functions overU become
random variables. One starts as follows:

Definition 9: Let P(u ∈ U) be a probability measure,Γ a function with domainU and finite
range, andǫ ∈ [0.0, 1.0]. Then we say that a device (X, Y) (weakly) infersΓ with (covariance)
accuracyǫ iff

∑

f∈π(Γ) maxx[EP(Y f (Γ) | x)]

|(Γ(U)|
= ǫ.

As an example, ifP is nowhere 0 andC weakly infersΓ, thenC infersΓ with accuracy 1.0.9

There are several reasonable alternatives to this definition. As an example, recall the “mali-
cious demon” interpretation off introduced just below Def. 3. That interpretation suggestsa
change to Def. 9 in which we replace the sum over all probesf and associated division by|Γ(U)|
with a minimum over all probesf .

Note though that it doesnot seem reasonable to define inference accuracy in terms of mutual
information expressions likeM(Y, f (Γ) | X = x). To see why consider the case wheref is a
probe ofΓ that equals 1 iff Γ = γ, and letx be a value whereX = x ⇒ Y = − f (Γ). In this case
the mutual information conditioned onx betweenY and f (Γ) would be maximal. However the

9 A subtlety with the definition of an inference devices arisesin this stochastic setting: we can either require thatY be
surjective, as in Def. 1, or instead require thatY be stochastically surjective: ∀y ∈ B, ∃u with non-zero probability
density such thatY(u) = y. The distinction between requiring surjectivity and stochastic surjectivity ofY will not arise
here.
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device would have probability zero of correctly answering the question, “doesΓ have valueγ?”.
It would either say “yes” and in factΓ does not equalγ, or it would say “no” and in factΓ does
equalγ.

This is an illustration of the fact that the definition of inference assigns semantic content to
Y = 1: it means that the device’s answer is “yes”. In contrast, information theoretic quantities
like mutual information are (in)famous for not involving semantic content.

While inference is a semantic concept, distinguishabilityis not, which motivates the following
definition:

Definition 10: Let P(u ∈ U) be a probability measure, andǫ ∈ [0.0, 1.0]. Then we say that the
(setup) mutual information-distinguishability of two device (X1, Y1) and (X2, Y2) is

1−
MP(X1, X2)

HP(X1) + HP(X2)
.

Mutual-information distinguishability is bounded between 0 and 1.
Note that variables can be distinguishable in the sense of Def. 4 even if their mutual informa-

tion distinguishability is less than 1. (They can be partially correlated but still distinguishable in
the sense of Def. 4.) This motivates the following alternative definition, for simplicity phrased
for countableX(U):

Definition 11: Let P(u ∈ U) be a probability measure, andǫ ∈ [0.0, 1.0]. Then we say that the
counting distinguishability of two device (X1, Y1) and (X2, Y2) is

1−

∑

x1,x2 : ∃ u : X1(u)=x1,X2(u)=x2
1

|X1(U)| × |X2(U)|

There are many analogs of Thm. 1 that relate quantities like the accuracy with which device
C1 infers deviceC2, the accuracy with whichC2 infers C1, how distinguishable they are, the
entropies of the random variablesX1 andX2, etc. To present perhaps the simplest such example,
defineH as the four-dimensional hypercube{0, 1})4, k(z) as the map taking anyz ∈ H to z1 +

z4 − z2 − z3, m(z) as the map taking anyz ∈ H to (z2 − z4), andn(z) as the map taking anyz ∈ H
to (z3 − z4).

Proposition 6: Let P be a probability measure overU, andC1 andC2 two devices whose mutual-
information distinguishability is 1, whereX1(U) = X2(U) = B. DefineP(X1 = −1) ≡ α and
P(X2 = −1) ≡ β. Say thatC1 infersC2 with accuracyǫ1, while C2 infersC2 with accuracyǫ2.
Then

ǫ1ǫ2 ≤ maxz∈H | αβ[k(z)]2 + αk(z)m(z) + βk(z)n(z) + m(z)n(z) |.

In particular, ifα = β = 1/2, then

ǫ1ǫ2 ≤
maxz∈H | (z1 − z4)2 − (z2 − z3)2 |

4
= 1/4.
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The maximum forα = β = 1/2 can occur in several ways. One is whenz1 = 1, andz2, z3, z4 all
equal 0. At these values, both devices have an inference accuracy of 1/2 at inferring each other.
Each device achieves that accuracy by perfectly inferring one probe of the other device, while
performing randomly for the remaining probe.

Similarly, say that we have a volume measuredµ overU, as in Sec. 5, together with a proba-
bility measureP overU. Then we can modify the definition of the length ofx to be−H(U | x),
the negative of the Shannon entropy under priordµ of P(u | x). If as in statistical physicsP is
proportional todµ across the support ofP, thenP(u | x) ∝ dµ(u | x), and these two definitions of
the length ofx are the same.

There are several ways to combine this new definition of length with the concept of inference
accuracy to define a stochastic analog of inference complexity. In particular, we can define the
stochastic inference complexityof a functionΓ with respect toC for accuracyǫ, as

C̄ǫ (Γ | C) ,
∑

f∈π(Γ)

minx:EP(Y f (Γ)|x)≥ǫ [−H(U | x)]

assuming the sum exists forǫ. So for example ifP is proportional todµ across the support ofP
andC > Γ, then forǫ = 1, C̄ǫ (Γ | C) = C (Γ | C).

One can extend this stochastic framework to include inference of the probability of an event,
e.g., have the device say whetherP(Γ = γ) has some specified value. Such inference contrasts
with inference accuracy, which (like non-stochastic inference) simply concerns a device’s con-
cluding whether an event occurs, e.g., concluding whetherΓ(u) = γ). One can also define stochas-
tic analogs of (semi)control, strong inference, etc. Such extensions are beyond the scope of this
paper.

9. Self-aware devices

We now return to scenarios whereU has no associated probability measure. We consider
devices that know what question they are trying to answer, orat least “think they do”. Rather
than encode that knowledge in the conclusion function of thedevice, we split the conclusion
function into two parts. The value of one of those parts is (explicitly) a question for the device,
and the other part is a possible associated answer. We formalize this as follows:

Definition 12: A self-awaredevice is a triple (X, Y,Q) where (X, Y) is an inference device,Q is
aquestionfunction with domainU where eachq ∈ Q(U) is a binary function ofU, andY ⊗Q is
surjective ontoB × Q(U).

Intuitively, a self-aware device is one that (potentially)knows what question it is answering in its
conclusion. WhenU = u, we interpretq = Q(u) as the question about the state of the universe
(i.e., about which subset ofU contains the actualu) that the conclusionY(u) is supposed to
answer. The reason we require thatY ⊗ Q be surjective ontoB × Q(U) is so that the device is
allowed to have any conclusion for any of its questions; it’sthe appropriate setting ofX(u) that
should determine what conclusion it actually makes.

So one way to view “successful inference” is the mapping of any q ∈ Q(U) to anx such that
X(u) = x(u) both implies that the device’s conclusion to questionq is correct, i.e.,Y(u) = q(u),
and also implies that the device is sure it is asking questionq, i.e., Q(u) = q. As an example,
say we have a computer that we want to use make a prediction. That computer can be viewed as
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an inference device. In this case the questionq that the device is addressing is specified in the
mind of the external scientist. This means that the questionis a function ofu (since the scientist
exists in the universe), but need not be stored directly in the inference device. Accordingly, the
combination of the computer with the external scientist whoprograms the computer is a self-
aware device.

To formalize this concept, we must first introduce some notation that is frankly cumbersome,
but necessary for complete precision. Letb be a value in some space. Then we defineb as the
constant function overU whose value isb, i.e., u ∈ U → b. Intuitively, the underline operator
takes any constant and produces an associated constant-valued function overU. As a particular
example, letΓ be a function with domainU. ThenΓ is the constant function overU whose value
is the functionΓ, i.e.,u ∈ U → Γ. Similarly, let B be a set of functions with domainU, and let
A be a function with domainU whose range isB (so eachA(u) is a function overU). Then we
defineA as the function takingu ∈ U → [A(u)](u). So the overline operator turns any function
overU whose range is functions overU into a single function overU. Both the underline and
overline operators turn mathematical structures into functions overU; they differ in what type
of argument they take. In particular, for any functionΓ overU, (Γ) = Γ. (Using this notation is
more intuitive in practice than these complicated definitions might suggest.)

Next, recall from Sec. 1.1 that for any probef of a functionΓ with domainU, f (Γ) is the
functionu ∈ U → f (Γ(u)).

Definition 13: Let D = (X, Y,Q) be a self-aware device.
i) A functionΓ is intelligible to D iff ∀ f ∈ π(Γ), f (Γ) ∈ Q(U).
ii) D is infallible iff ∀u ∈ U, Y(u) = [Q(u)](u).

We say thatD is infallible for Q′ ⊆ Q(U) iff ∀q ∈ Q′, ∀u ∈ U such thatQ(u) = q, Y(u) = q(u).
SoD is infallible iff it is infallible for Q(U) iff Y = Q iff YQ = 1. If a device is not infallible, we
say that it is fallible.

Recall thatY ⊗ Q is supposed to represent the original conclusion function “split into two
parts”. Accordingly, in keeping with the terminology used with weak inference, we say that a
self-aware device (X′, Y′,Q′) is intelligible to a self-aware device (X, Y,Q) iff (Y′,Q′) is intelli-
gible to (X, Y,Q).

Def. 13 provides the extra concepts needed to analyze inference with self-aware devices. Def.
13(i) means thatD is able to ask what the value is of every probe ofΓ. Def. 13(ii) ensures that
whatever the questionD is asking, it is correctly answering that question. Finally, the third part
of “successful inference” — having the device be sure it is asking the questionq — arises ifD
semi-controls its question function.

These definitions are related to inference by the following results:

Theorem 6:Let D1 be an infallible, self-aware device.
i) Let Γ be a function intelligible toD1 and say thatD1 semi-controlsQ1. Then (X1, Y1) > Γ.
ii) Let D2 be a device whereY2 is intelligible toD1, D1 semi-controls (Q1, X2), and (Q1, X2)

is surjective ontoQ1(U) × X2(U). Then (X1, Y1) ≫ (X2, Y2).

Thm. 6 allows us to apply results concerning weak and strong inference to self-aware devices.
Note that a special case of havingD1 semi-controlQ1 is whereX = χ ⊗ Q1 for some function
χ, as in Ex. 1. For such a case,Y andX “share a component”, namely the question being asked,
specified inQ1.
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The following result concerns just intelligibility, without any concern for semi-control or in-
fallibility.

Theorem 7: Consider a pair of self-aware devicesD ≡ (X, Y,Q) andD′ ≡ (X′, Y′,Q′) where
there are functionsR, P,R′, P′ such thatP andP′ have domainU, Q = R(P) andQ′ = R′(P′). If
P is intelligible toD′ andP is intelligible toD′ then the following hold:

i) |Q(U)| = |Q′(U)| = |P(U)| = |P′(U)|.
ii) If Q(U) is finite, Q′ = π(P) = π(Q) andQ = π(P′) = π(Q′).

In particular, takeR andR′ to be identity functions over the associated domains, so that P = Q
andP′ = Q′. Using this choice, Thm. 7 says that if each self-aware device can try to determine
what question the other one is considering, then neither device can try to determine anything
else.

An immediate corollary of Thm. 7 is the following:

Corollary 4: No two self-aware devices whose question functions have finite ranges are intelli-
gible to each other.

Note that Coroll. 4 does not rely on the devices being distinguishable (unlike Thm. 1). Indeed,
it holds even if the two devices are identical; a self-aware device whose question function has a
finite range cannot be intelligible to itself.

Coroll. 4 is a powerful limitation on any pair of self-aware devices,D and D′. It says that
for at least one of the devices, sayD, there is some questionq′ ∈ Q′(U) and bitb′, such thatD
cannot evenask, “DoesD′ pose the questionq′ and answer with the bitb′?”. So whetherD could
correctly answer such a question is moot.

To circumvent Coroll. 4 we can consider self-aware devices whose conclusion functions alone
are intelligible to each other. However combining Thm.’s 1 and 3(i) gives the following result:

Corollary 5: Let D1 and D2 be two self-aware devices that are infallible, semi-control their
questions, and are distinguishable. If in addition they infer each other, then it is not possible that
bothY2 is intelligible toD1 andY1 is intelligible toD2.

With self-aware devices a deviceC1 may be able to infer whether a self-aware deviceD2

correctly answers the question thatD2 is considering. To analyze this issue we start the following
definition:

Definition 14: If D1 is a device andD2 a self-aware device, thenD1 corrects D2 iff ∃ x1 such
thatX1 = x1 ⇒ Y1 = Y2Q2.

Def. 2 means thatY1 = 1 iff Y2 = Q2, i.e.,Y2(u) = [Q2(u)](u). Intuitively, if a deviceD1 corrects
D2, then there is anx1 where havingX1 = x1 means thatC1’s conclusion tells us whetherD2

correctly answersq2. 10

10 Say thatD1 is also self-aware, and thatY2Q2 has both bits in its range (so that probes of it are well-defined). Then we
can modify the definition to say thatD1 correctsD2 iff two conditions are met: all probes inπ(Y2Q2) are intelligible to
D1, andD1 is infallible for π(Y2Q2).
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Note how weak Def. 14 is. In particular, there is no sense in which it requires thatD1 can assess
whetherY2(u) = q2(u) for all questionsq2 ∈ Q2(U). So long asD1 can make that assessment for
any question inQ2(U), we say thatD1 correctsD2. Despite this weakness, we have the following
impossibility result, which is similar to Prop. 2(i):

Proposition 7: For any deviceD1 there is a self-aware deviceD2 thatD1 does not correct.

There are similar results for the definition of correction infootnote 10, and for the (im)possibility
of correction among multiple devices.

Finally, while there is not room to do so here, many of the concepts investigated above for
inference devices can be extended to self-aware devices. For example, one might want to modify
the definition of inference complexity slightly for self-aware devices. LetD be a self-aware
infallible device that semi-controls its question function andΓ a function overU whereΓ(U) is
countable andΓ is intelligible to D. Then rather thanC (Γ | (X, Y)), it may be more appropriate
to consider theself-aware inference complexityof Γ with respect toD, defined as

D(Γ | (X, Y,Q)) ,
∑

f∈π(Γ)

minx:X=x⇒Q= f (Γ)[L (x)].

Similarly, consider a reality that includes self-aware devices, i.e., a reality (U; {Fφ}) that can be
written as (U; {Cα}; {Dδ}; {Γβ}) where in addition to the set of functions{Γβ} and devices{Cα},
we have a set of self-aware devices{Dδ}. For such a reality it often makes sense to consider an
augmented reduced form,

⋃

u∈U

















⊗

α

(Xα(u), Yα(u)) ⊗
⊗

β

Γβ(u) ⊗
⊗

δ

(Xδ(u), Yδ(u),Qδ(u)) ⊗
⊗

δ

Qδ(U)

















.

The last term means we include in the tuples all instances of the form [Q(u)](u′) in which a
self-aware device’s question for oneu is evaluated at a differentu′ , u.

Due to page limits the analysis of such extensions is beyond the scope of this paper.
We close with some comments on the relation between inference with self-aware devices and

work in other fields. Loosely speaking, in the many-worlds interpretation of quantum mechan-
ics [25], “observation” only involves the relationship betweenY andΓ (in general, for aY whose
range is more than binary). As discussed above, such relationships cannot imbue the observation
with semantic meaning. It is by introducingX andQ into the definition of self-aware devices that
we allow an act of “observation” to have semantic meaning. This is formalized in Thm. 6, when
it is applied to scenarios where weak inference is interpreted as successful observation.

Much of formal epistemology concerns “knowledge functions” which are maps from subsets
of U to other subsets ofU [42,43,45,44].Ki(A), the knowledge functionKi evaluated for an
argumentA ⊆ U, is interpreted as the set of possible worlds in which individual i knows that
A is true. The setA is analogous to specification of the question being asked by aself-aware
device. So by requiring the specification ofA, knowledge functions involve semantic meaning,
in contrast to the process of observation in the many-worldsinterpretation.

A major distinction between inference devices and both the theory of knowledge functions and
the many-worlds definition of observation is that inferencedevices require that the individual/
observer be able to answer multiple questions (one for each probe concerning the function being
inferred). As mentioned above, this requirement certainlyholds in all real-world instances of
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“knowledge” or “observation”. Yet it is this seemingly innocuous requirement that drives many
of the results presented above.

Future work involves exploring what inference device theory has to say about issues of interest
in the theory of knowledge functions. For example, analysisof common knowledge starts with a
formalization of what it means for “individuali to know that individualj knowsA”. The inference
devices analog would be a formalization of what it means for “deviceD to infer that deviceC
infersΓ”. Now for this analog to be meaningful, sinceD can only infer functions with at least
two values in their range, there must be some sense in which the setU both contains ”u under
whichC infersΓ” and containsu under which it does not. Formally, this means two things. First,
it must not be the case simply thatC > Γ, since that means thatC infersΓ underall u. Second,
there must be a proper subsetUC ⊂ U such that ifU were redefined to beUC (andC andΓ were
redefined to haveUC as their domains in the obvious way), then itwould be the case thatC > Γ.
This proper subset specifies a binary-valued function,ΓC, byΓC(u) = 1⇔ u ∈ UC. The question
of whether “D knows thatC knowsΓ” then becomes whetherD can inferΓC.

ACKNOWLEDGEMENTS: I would like to thank Nihat Ay, Charlie Bennett, John Doyle,
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APPENDIX A: Proofs

This section presents miscellaneous proofs. Since many of the results may be counter-intuitive,
the proofs are presented in elaborate detail. The reader should bear in mind though that many of
the proofs simply amount to “higher order” versions of the Cretan liar paradox, Cantor diago-
nalization, or the like (just like many proofs in Turing machine theory). At the same time, in the
interest of space, little pedagogical discussion is inserted. Unfortunately, the combination makes
many of the proofs a bit of a slog.

Proof of Prop. 1: To prove (i), choose a device (X, Y) whereY(u) = −1 ⇔ u ∈ W. Also have
X(u) take on a separate unique value for eachu ∈ W, i.e.,∀w ∈ W, u ∈ U : w , u, X(w) , X(u).
(Note that by definition ofW, it contains at least two elements.) So by appropriate choice of an
x, X(u) = x forcesu to be any desired element ofW.

Choosei. Pick anyγ ∈ Γi(U), and examine the probef that equals 1 iff its argument isγ. If
for no u ∈ W doesΓi(u) = γ, then choose anyx that forcesu ∈ W. By construction,X(u) = x ⇒
Y(u) = −1, and in additionX(u) = x ⇒ f (Γi(u)) = −1. SoX(u) = x ⇒ Y(u) = f (Γi(u)), as
desired.

Now say that there is au ∈ W such thatΓi(u) = γ. By hypothesis,∃u′′ ∈ W : Γi(u′′) , γ. By
construction, there is anx such thatX(u′) = x ⇒ u′ = u′′. So X(u′) = x ⇒ u′ ∈ W, Γi(u′) , γ.
The first of those two conclusions means thatY(u′) = −1. The second means thatf (Γi(u′)) = −1.
So again,X(u) = x⇒ Y(u) = f (Γi(u)), as desired. There are no more cases to consider.

To prove (ii), chooseb ∈ B and letΓ be a function with domainU whereΓ(u) = b for all u
obeyingY(u) = −1 and for no others. (The surjectivity ofY ensures there is at least one suchu.)
Consider the probef of Γ(U) that equals+1 iff Γ(u) = b. For allu ∈ U, f (Γ(u)) = −Y(u). QED.

Proof of Coroll. 2: To prove the first part of the corollary, letα andβ be the partitions induced
by X andY, respectively. If|X(U)| = |α| = 2, |α| = |β|. Sinceα is a fine-graining ofβ, this means
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thatα = β. So without loss of generality we can label the elements ofX(U) so thatX = Y.
Now hypothesize thatC > Γ for someΓ. Recall that we require that|Γ(U)| ≥ 2. Letγ andγ′

be two distinct elements ofΓ(U) whereΓ(u) = γ for someu ∈ X−1(−1). Definefγ to be the probe
of Γ(U) that equals 1 iff its argument isγ, and definefγ′ similarly. C > Γ means∃ xγ ∈ X(U)
such thatX(u) = xγ ⇒ fγ(Γ(u)) = Y(u) = X(u) = xγ. Since∃ u ∈ X−1(−1) such thatΓ(u) = γ,
and sinceY(u) = −1 ∀u ∈ X−1(−1), xγ must equal 1.

This means thatΓ(u) equalsγ across all ofX−1(xγ) ⊂ U. Therefore∃ u ∈ X−1(−xγ) such that
Γ(u) = γ′. Moreover, sincexγ = Y(X−1(xγ)) = 1, Y(X−1(−xγ)) = −1. Therefore∃ u ∈ X−1(−xγ)
such thatfγ′ (Γ(u)) , Y(u). Similarly, ∀ u ∈ X−1(xγ), fγ′ (Γ(u)) , Y(u). Therefore there is no
xγ′ ∈ X(U) such thatX(u) = xγ′ ⇒ fγ′ (Γ(u)) = Y(u). So our hypothesis is wrong; there is no
function thatC infers.

Now consider the case where|α| > 2. Label the two elements ofβ as+1 and -1. Sinceα is a
fine-graining ofβ, and since|β| = 2, there are at least two distinct elements ofα that are contained
in the same element ofβ, having labelb. Choose one of those elements ofα, a, and leta′ be one
of the other elements ofα that are contained in that element ofβ with labelb.

Form the union ofa with all elements ofα that are contained in the element ofβwith label−b.
That union is a proper subset of all the elements ofα. Therefore it picks out a proper subset ofU,
W. (Note thatW has non-empty overlap with both both partition elements ofβ.) So chooseΓ to
be binary-valued, with values given byΓ(u) = b iff u ∈ W. Then forX(u) = a, Γ(u) = b = Y(u).
On the other hand, forX(u) = a′, Γ(u) = −b = −Y(u). So for both probesf of Γ, there is a value
x such thatX = x⇒ Y = f (Γ). QED.

Proof of Thm. 1: LetC1 andC2 be the two devices. SinceY for any inference device is surjective,
Y2(U) = B, and therefore there are two probes ofY2(U). Since by hypothesisC1 weakly infers
C2, using the identity probef (y ∈ B) = y establishes that∃ x1 s.t. X1(u) = x1 ⇒ Y1(u = Y2.
Similarly, sinceC2 weakly infersC1, using the negation probef (y) = −y establishes that∃ x2 s.t.
X2(u) = x2 ⇒ Y2(u) = −Y1(u). Finally, by the hypothesis of setup distinguishability,∃ u∗ ∈ U
s.t. X1(u∗) = x1, X2(u∗) = x2. Combining, we get the contradictionY1(u∗) = Y2(u∗) = −Y1(u∗).
QED.

Proof of Thm. 2: To establish (i), letf be any probe ofΓ(U). C2 > Γ ⇒ ∃ x2 such that
X2(u) = x2 ⇒ Y2(u) = f (Γ(u)). In turn,C1 ≫ C2 ⇒ ∃ x1 such thatX1 = x1 ⇒ Y1 = Y2, X2 = x2

(by choosing the identity probe ofY2(U)). Combining,X1 = x1 ⇒ Y1(Γ). SoC1 > Γ, as claimed
in (i).

To establish (ii), letf be any probe ofY3(U), andx2 any member ofX3(U). C2 ≫ C3⇒ ∃ x2 ∈

X2(U) such thatX2(u) = x2 ⇒ X3(u) = x3, Y2(u) = f (Y3(u)). C1 ≫ C2 then implies that∃ x1

such thatX1(u) = x1 ⇒ X2(u) = x2, Y1(u) = Y2(u) (by choosing the identity probe ofY2(U)).
Combining,X1(u) = x1⇒ X3(u) = x3, Y1(u) = f (Y3(u)), as desired.QED.

Proof of Prop. 2: To establish the first claim, simply takeY2 to be the functionΓ in Prop. 1(ii).
To establish the second claim, focus attention on anyx1 ∈ X1(U), and defineW ≡ X−1

1 (x1).
ChooseX2 so thatX2(u) take on a separate unique value for eachu ∈ W, i.e.,∀w ∈, u ∈ U :
w , u, X2(w) , X2(u).

First consider the case whereY1(W) has a single element, i.e.,Y1(u) is the same bit across all
X−1

1 (x1). Without loss of generality take that bit to be 1. ChooseY2(u) = 1 for somew′ ∈ W,
andY2(u) = −1 for all otherw ∈ W. Then choosex2 so thatX2(u) = x2 ⇒ u = w′. Therefore
X2(u) = x2 ⇒ X1(u) = x1, Y2(u) = 1. So for the probef of Y1(U) that equalsY1, X2(u) =
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x2 ⇒ Y2(u) = f (Y1(u)). On the other hand, by hypothesis∃ w′′ ∈ W that differs fromw′, and
∃ x′2 ∈ X2(U) such thatX2(u) = x′2 ⇒ u = w′′. Moreover,Y2(w′′) = −1, by construction ofY2.
So consider the probef ′ of Y1(U) that equals−Y1. For allu ∈ W, f ′(Y1(u)) = −1. In particular,
this is the case foru = w′′. Combining,X2(u) = x′2 ⇒ X1(u) = x1, Y2(u) = f ′(Y1(u)). Since f
and f ′ are the only probes ofY1(U), there are no more cases to consider for the situation where
Y1(W) is a singleton.

If Y1(W) is not a singleton, sinceW contains at least three elements, there is a proper subset
of W, W′, on whichY1 takes both values. So by Prop. 1(i) there is a deviceC overW that infers
the restriction ofY1 to domainW. Define (X2, Y2) to be the same as thatC for all u ∈ W, with
all members ofX2(W) given values that are not found inX2(U − W). SinceX1(w) = x1 for all
w ∈ W, this means that∀ f ∈ π(Y1), ∃ x2 such thatX2(u) = x2⇒ X1(u) = x1, Y2(u) = f (Y1(u)).

Combining, sinceY1(X−1
1 (x1)) either is or is not a singleton for eachx1 ∈ X1(U), we can build

a “partial” deviceC2 that strongly infersC1 for each regionX−1
1 (x1). Furthermore, those regions

form a partition ofU. So by appropriately “stitching together” the partialC2’s built for each
x1 ∈ X1(U), we build an aggregate deviceC2 that strongly infersC1 over all U, as claimed.
QED.

Proof of Thm. 3: Let C1 andC2 be two devices and hypothesize that they can strongly infer each
other. SinceC1 can strongly inferC2, it can forceX2 to have any desired value and simultaneously
correctly infer the value ofY2 under the identity probe. In other words, there is a functionξ1I :
X2(U)→ X1(U) such that for allx2, X1 = ξ

1
I (x2)⇒ X2 = x2 andY1 = Y2. Let x̂1 be any element

of ξ1I (X2(U)).
Similarly, by hypothesisC2 can forceX1 to have any desired value and simultaneously cor-

rectly infer the value ofY1 under the negation probe. In other words, there is a functionξ2
−I :

X1(U)→ X2(U) such that for allx1, X2 = ξ
2
−I(x1)⇒ X1 = x1 andY1 = −Y2.

Define x̂2 ≡ ξ
2
−I(x̂1). Then X1(u) = ξ1I (x̂2) ⇒ X2(u) = x̂2 = ξ

2
−I(x̂1) and Y1(u) = Y2(u).

The first of those two conclusions in turn means thatY1(u) = −Y2(u). Combining, we see that
X1(u) = ξ1I (x̂2)⇒ Y2(u) = Y1(u) = −Y2(u), which is impossible.QED

Proof of Thm. 4: SinceC2 > Γ, ∀ f ∈ π(Γ), ∃ x2 such thatX2 = x2 ⇒ Y2 = f (Γ). Therefore
the set argminx2:X2=x2⇒Y2= f (Γ)[L (x2)] is non-empty. Accordingly,∀ f ∈ π(Γ), we can define an
associated valuex f

2 ∈ X2(U) as some particular element of argminx2:X2=x2⇒Y2= f (Γ)[L (x2)].
Now sinceC1 ≫ C2, ∀x2, ∃ x1 such thatX1 = x1⇒ X2 = x2, Y1 = Y2. In particular,∀ f ∈ π(Γ),
∃ x1 : X1 = x1 ⇒ X2 = x f

2, Y1 = Y2. So by definition ofx f
2, ∀ f ∈ π(Γ), ∃ x1 : X1 = x1 ⇒ X2 =

x f
2, Y1 = f (Γ).
Combining,∀ f ∈ π(Γ),

minx1:X1=x1⇒Y1= f (Γ)[L (x1)] ≤ minx1:X1=x1⇒X2=x f
2 ,Y1=Y2

[L (x1)].

Accordingly,

C (Γ | C1) − C (Γ | C2) ≤
∑

f∈π(Γ)

minx1:X1=x1⇒X2=x f
2 ,Y1=Y2

[L (x1) −L (x f
2)]

≤
∑

f∈π(Γ)

maxx2

[

minx1:X1=x1⇒X2=x2,Y1=Y2[L (x1) −L (x2)]
]

= |π(Γ)| maxx2

[

minx1:X1=x1⇒X2=x2,Y1=Y2[L (x1) −L (x2)]
]
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Using the equality|π(Γ)| = |Γ(U)| completes the proof.QED.

Proof of Thm. 5: By hypothesis, for anyx′2 ∈ X2(U), ∃ x1 such thatX1 = x1 ⇒ X2 = x′2. This is
true for any suchx′2. Write the function mapping any suchx′2 to the associatedx1 asξ1. Similarly,
there is a functionξ2 that maps anyx1 ∈ X1(U) to anx2 ∈ X2(U) such thatX2 = ξ2(x1) ⇒ X1 =

x1. Using the axiom of choice, this provides us with a single-valued mapping fromX1(U) into
X2(U) and vice-versa.

Since havingX2(u) = ξ2(x1) forcesX1(u) = x1, the set ofu ∈ U such thatX2(u) = ξ2(x1) must
be a subset of thoseu ∈ U such thatX1(u) = x1, i.e.,∀ x1, X−1

2 [ξ2(x1)] ⊆ X−1
1 (x1). Similarly,

∀ x2, X−1
1 [ξ1(x2)] ⊆ X−1

2 (x2). This second equality means in particular thatX−1
1 [ξ1[ξ2(x1))] ⊆

X−1
2 (ξ2(x1)). Combining,X−1

1 [ξ1[ξ2(x1))] ⊆ X−1
1 (x1).

However∀ x1, ξ1(ξ2(x1)) is non-empty. SinceX1 is single-valued, this means that∀ x1,
ξ1(ξ2(x1)) = x1. Combining, we see that∀ x1, X−1

1 (x1) ⊆ X−1
2 [ξ2(x1)], and thereforeX−1

2 [ξ2(x1)] =
X−1

1 (x1). This in turn means that the setX2[X−1
1 (x1)] equals the singletonξ2(x1) for any x1 ∈

X1(U). Accordingly∀ u ∈ X−1
1 (x1), X2(u) = ξ2(x1) = ξ2(X1(u)). In addition, everyu ∈ U obeys

u ∈ X−1
1 (x1) for some x1. Therefore we conclude that for allu ∈ U, ξ2(X1(u)) = X2(u).

This establishes that the partition induced byX1 is a fine-graining of the partition induced
by X2. Similar reasoning establishes that the partition inducedby X2 is a fine-graining of the
partition induced byX1. This means that the two partitions must be identical.QED.

Proof of Coroll. 3: By Thm. 5, we can relabel the image values of the two devices’ setup func-
tions to express them asC1 = (X, Y1) andC2 = (X, Y2).

To prove (i), note thatC1 > C2 means∃ x ∈ X(U) such thatX = x⇒ Y1 = Y2 and∃ x′ ∈ X(U)
such thatX = x′ ⇒ Y1 = −Y2. But those two properties in turn mean thatC2 > C1. A similar
argument establishes thatC2 > C1 ⇒ C1 > C2.

To prove (ii), note thatC1 ≫ C2 means that∀x ∈ X(u), f ∈ π(Y2), ∃ x′ such thatX = x′ ⇒
X = x, Y1 = f (Y2). In particular,∀x ∈ X(u), ∃ x′ such thatX = x′ ⇒ X = x, Y1 = Y2, and∃ x′′

such thatX = x′′ ⇒ X = x, Y1 = −Y2. The only way both conditions can hold is ifx′ = x′′. But
that means it is impossible to have bothY1 = Y2 andY1 = −Y2.

To prove (iii), hypothesize thatC1 controlX. This means in particular that∀x ∈ X(U), ∃ x′ ∈
X(U) such thatX = x′ ⇒ Y1 = δX,x = 1 (chooseb = 1 and havef be the probe that equals
1 iff its argument equalsx). To haveδX,x = 1 meansX = x, which in turn meansx′ = x. So
X = x ⇒ Y1 = 1. This is true for allx ∈ X(U), soY1(u) = 1 ∀u ∈ U. However by definition,
the range ofY1 must beB. Therefore the hypothesis is wrong. The same argument showsthatC2

cannot controlX. QED.

Proof of Thm. 6: To prove (i), let f be any probe ofΓ. Intelligibility means f ∈ Q1(U). Since
D1 semi-controls its question function,∃x1 : X1 = x1 ⇒ Q1 = f . Infallibility then implies that
for anyu such thatX1(u) = x1, Y1(u) = [Q1(u)](u) = f (u). This proves (i).

Next, let f be any probe ofY2, andx2 any element ofX2(U). Intelligibility meansf ∈ Q1(U).
SinceD1 semi-controls (Q1, X2) and (Q1, X2) is surjective,∃x1 such thatX1 = x1⇒ Q1 = f , X2 =

x2. Infallibility then implies that for anyu such thatX1(u) = x1, Y1(u) = [Q1(u)](u) = f (u). This
proves (ii).QED.

Proof of Thm. 7: The cardinality ofπ(P) is the cardinality ofP(U), |P(U)|. Let f1 and f2 be two
separate such probes, so thatf1 : P(U) → B differs from f2 : P(U) → B. Then as functions
over U, f1(P) and f2(P) differ. Therefore by hypothesis they correspond to two distinctq’s in
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Q′(U). So |Q′(U)| ≥ |P(U)|. In turn, |Q(U)| = |R(P(U))| ≤ |P(U)|. So |Q′(U)| ≥ |Q(U)|. Similar
reasoning establishes that|Q(U)| ≥ |Q′(U)|. So|Q(U)| = |Q′(U)|. Therefore|Q(U)| = |P(U)| and
|Q′(U)| = |P′(U)|. This proves (i).

Now sinceP′ is intelligible toD, every f ∈ π(P′) is an element ofQ(U). Therefore for|Q(U)|
finite, (i)’s conclusion that|Q(U)| = |P′(U)|means that there is noq ∈ Q(U) that is not an element
of π(P′). In other words,Q = π(P′). Next, (i)’s conclusion that|P′(U)| = |R′(P′(U))| establishes
that the partition induced byP′ is identical to the partition induced byR′(P′). Soπ(P′) = π(Q′).
Similar reasoning establishes thatQ′ = π(P) = π(Q). This establishes (ii).QED.

Proof of Coroll. 4: ChooseP = (Y,Q) andR : (Y,Q)(u) → Q(u). (SoR is a projection map.)
Since (Y,Q) is surjective,|P(U)| = |(Y,Q)(U)| = 2|Q(U)|. By Thm. 7, this is impossible if the two
self-aware devices are intelligible to each another.QED.

Proof of Prop. 3: The validity of the claim in (i) is independent of the question function of the
devices, so they can be set arbitrarily. ChooseX1(U) = X2(U) = X3(U) = {0, 1}. Then choose the
reduced form of the setup and conclusion functions of the devices in the reality to be the following
four tuples: ([0, 0], [0, 0], [0,0]); ([0, 0], [[1, 0], [1, 1]); ([1, 1], [0, 0], [1, 0]); ([1, 1], [1, 0], [0,1]).
It is straightforward to verify that each pair of devices is distinguishable and thatC1 > C2 >

C3 > C1.
To prove (ii), note that under hypothesis,C1 > C2 ⇒ ∃ x1 : X1 = x1 ⇒ Y1 = Y2, C2 >

C3 ⇒ ∃ x2 : X2 = x2 ⇒ Y2 = Y3, . . . ,Cn−1 > Cn ⇒ ∃ xn−1 : Xn−1 = xn−1 ⇒ Yn−1 = Yn,
Cn > C1 ⇒ ∃ xn : Xn = xn ⇒ Yn = −Y1 . Mutual distinguishability means that there is a tuple
in the reduced form of the reality having that set ofxi values. However that would mean that the
tuple hasy1 = −y1. So our hypothesis is wrong.

To prove (iii), simply combine Thm. 3 and Thm. 2.QED.

Proof of Prop. 4: SinceD is acyclic and finite, it contains at least one root node. Label one such
node asC1. Hypothesize that there is some other root node in the graph.

Given anyD′ ⊆ D, defineS (D′) as the union ofD′ with the set of all nodes inD that are
successors of a node inD′. Similarly, defineP(D′) as the union ofD′ with the set of all nodes
in D that are predecessors of a node inD′. S ({C1}) ⊂ D since by hypothesis there is more than
one root node. SinceD is weakly connected, this means thatS ({C1}) ⊂ P[S ({C1})]. SinceD is
acyclic and finite, this means that there is a nodeC j ∈ S ({C1}) who has a root node predecessor
Ck whereCk < S ({C1}).

SoC j is a successor of two separate root nodes,Ck andC1. By transitivity of strong inference,
this means thatC1 ≫ C j andCk ≫ C j. By the hypothesis of the proposition, sinceCk , C1,
those two devices are distinguishable. This means it is possible for C1 to forceX j to have one
value while at the same timeCk forcesX j to have a different value. This is a contradiction.QED.

Proof of Prop. 5: The proof of (i) is by example. Consider the following set of five quadruples:

V ≡ {(−1,−1,−1,−1); (−1,−1,1,−1); (1,−1,−1, 1); (1, 1, 1,−1), (−1, 1, 1,1)}

By Lemma 1,V is the reduced form of a reality consisting of two devicesC1 andC2, where we
identify any quadruple inV as the value (x1, y1, x2, y2), so thatX1(U) = X2(U) = B. By inspec-
tion,C1 > C2 (e.g.,X1 = 1⇒ Y1 = −Y2). Similarly, by inspectionC1 andC2 are distinguishable,
and copies of each other. This completes the proof of (i).
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To prove the first part of (ii), first note thatC1 ≫ C2 requires that for allx2, there is (anx1

that forcesX2 = x2 andY1 = Y2), and (anx1 that forcesX2 = x2 andY1 = −Y2). In other words,
there is a single-valued mapξ : X2(U) → X1(U) such that the quadruple (X1 = ξ(x2), Y1 =

y1, X2 = x2, Y2 = y1) occurs for somey1 in some tuple in the reduced form of the reality while
(X1 = ξ(x2), Y1 = y1, X2 = x′2, Y2 = y2) does not occur for anyy2 if x′2 , x2, and also does not
occur fory2 = −y1 if x′2 = x2. Similarly, there is a single-valued mapξ′ : X2(U) → X1(U) such
that the quadruple (X1 = ξ(x2), Y1 = y1, X2 = x2, Y2 = −y1) occurs for somey1 in some tuple in
the reduced form of the reality while (X1 = ξ(x2), Y1 = y1, X2 = x′2, Y2 = y2) does not occur for
anyy2 if x′2 , x2, and also does not occur fory2 = y1 if x′2 = x2. By construction, bothξ andξ′

are invertible. Furthermore, for allx2, ξ(x2) , ξ′(x2). So |X1(U)| ≥ 2|X2(U)|. On the other hand,
|X1(U)| = |X2(U)| becauseC1 andC2 are copies of each other. Therefore they must have infinite
setup functions.

The existence proof for (ii) is by example. Define a set of quadruples

T ≡ {(1,−1, 1,−1); (2, 1, 1,−1); (3,−1,2, 1); (4,1,2, 1); (5,−1,3,−1), (6, 1, 3,−1), . . .}

= {(i, 1− 2(i mod 2), ⌈(i/2), 1− 2(⌈(i/2) mod 2)) : i ∈ N}

Next, fix any set of spacesσ, where the spaces{y1} = {y2} ≡ B and {x1} = {x2} ≡ N all
occur inσ. Let S be a subset of the Cartesian product of the spaces inσ. Say that for every
t ∈ T , (x1, y1, x2, y2) = t for exactly one element ofS , and no element ofS contains a quadruple
(x1, y1, x2, y2) < T . (So there is a bijection betweenS andT , given by projecting any element of
S onto its four components corresponding to the spaces{x1}, {x2}, {y1} and{y2}.)

By Lemma 1,S is the reduced form of a reality, where we can defineX1(U) ≡ {x1}, Y1(U) ≡
{y1}, X2(U) ≡ {x2}, Y2(U) ≡ {y2}. Accordingly group (X1, Y1) into a deviceC1 and (X2, Y2) into
a deviceC2. By inspection, the relation inT between pairsx1 andy1 is identical to the relation
in T between pairsx2 andy2. (Those relations are the pairs{(1,−1); (2, 1); (3,−1), . . .}.) So the
devicesC1 andC2 in the reality are copies of each other.

Next, note that∀x2 ∈ N, y1 ∈ B, (2x2 +
(y1−1)

2 , y1, x2, 1 − 2(x2 mod 2)) occurs (once) inT .

Accordingly,X1 = 2x2 +
(y1−1)

2 ⇒ X2 = x2. Also, for any fixedx2, choosing eitherX1 = 2x2

or X1 = 2x2 − 1 forcesy1 to be either 1 or−1, respectively. Therefore, given thatx2 is fixed, it
also forces eithery1 = 1− 2(x2 mod 2) or−y1 = 1− 2(x2 mod 2). (For example,X1 = 5 forces
X2 = 3 andY1 = Y2, while X1 = 6 forcesX2 = 3 andY1 = −Y2.) So the choice ofX1 forces either
Y1 = Y2 or Y1 = −Y2. ThereforeC1 ≫ C2. QED.

Proof of Prop. 6: Plugging in, the product of the two inference accuracies is

(
∑

f1∈π(Y2) maxx1[EP(Y1 f1(Y2) | x1)]

2

) (
∑

f2∈π(Y1) maxx2[EP(Y2 f2(Y1) | x2)]

2

)

.

Defineg ≡ Y1Y2. Then we can rewrite our product as
(

maxx1[EP(g | x1)]

2
+

maxx1[EP(−g | x1)]

2

) (

maxx2[EP(g | x2)]

2
+

maxx2[EP(−g | x2)]

2

)

.

For |X1(U)| = |X2(U)| = 2, we can rewrite this as
(

|EP(g | X1 = 1) − EP(g | X1 = −1)|
2

) (

|EP(g | X2 = 1) − EP(g | X2 = −1)|
2

)

.
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Next, since the distinguishability is 1.0,X1 andX2 are statistically independent underP. There-
fore we can writeP(g, x1, x2) = P(g | x1, x2)P(x1)P(x2). So for example,P(g | x1) =

∑

x2
P(g |

x1, x2)P(x2), and

EP(g | x1) =
∑

x2

[P(g = 1 | x1, x2) − P(g = −1 | x1, x2)]P(x2)

= 2[
∑

x2

P(g = 1 | x1, x2)P(x2)] − 1.

Now definez1 ≡ P(g = 1 | x1 = −1, x2 = −1), z2 ≡ P(g = 1 | x1 = −1, x2 = 1), z3 ≡ P(g = 1 |
x1 = 1, x2 = −1), z4 ≡ P(g = 1 | x1 = 1, x2 = 1). Note that the 4-tuple (z1, z2, z3, z4) ∈ H so long
as none of its components equals 0. Plugging in,

EP(g | X1 = −1)= 2[z1β + z2(1− β)] − 1,

EP(g | X1 = 1)= 2[z3β + z4(1− β)] − 1,

EP(g | X2 = −1)= 2[z1α + z3(1− α)] − 1,

EP(g | X2 = 1)= 2[z2α + z4(1− α)] − 1.

So the product of inference accuracies is

|[β(k(z)) + m(z)][α(k(z) + n(z)]| = |αβ[k(z)]2 + αk(z)m(z) + βk(z)n(z) + m(z)n(z)|.

This establishes the first part of the proposition. Note thatdepending on the structure of the
mapping from (X1, X2) → (Y1, Y2), if we require that bothYi be stochastically surjective, there
may be constraints on which quadruplesz ∈ H are allowed. Such restrictions would make our
bound be loose.

Whenα = β = 1/2, the product of inference accuracies reduces to

|
z2
1 − z2

2 − z2
3 + dz2

4

4
+

z2z3 − z1z4

2
| = |

(z1 − z4)2 − (z2 − z3)2

4
|

This establishes the second claim. The final claim is established by maximizing this expression
overH. QED.

Proof of Prop. 7: Given anyC1 = (X1, Y1), the proposition is proven if we can construct an
associatedD2 that C1 does not correct. To do that, chooseY2 = Y1, and haveQ2(U) consist
of two elements,q1 = Y1, andq2 = −Y1. DefineQ2’s dependence onu ∈ U by requiring that
Y1 = −1⇔ Q2 = q1 (i.e.,∀u ∈ U such thatY1(u) = −1, Q2(u) = q1 = Y1), and by requiring that
Y1 = 1⇔ Q2 = q2. (SinceY1 is surjective ontoB, this definesQ2’s dependence on all ofU, and
guarantees that|Q2(U)| ≥ 2, as required.)

Plugging in,Q2 = −1. Now the square of both 1 and -1 equals 1. SinceY1 = Y2, this means
thatY1Y2 = 1. Combining,Q2 = −Y2Y1. ThereforeY2Q2 = −Y1. Therefore it is impossible that
Y1 = Y2Q2, i.e., there is nox1 that implies this equality.QED.

APPENDIX B: The lack of restrictions in the definition of weak inference

Note that there is additional structure in Ex. 1 that is missing in Def. 3. Most obviously, no
analog ofζ appears in Def. 3. In addition, Def. 3 does not require that there be a component
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of X and/or Y that can be interpreted as a question-valued function likeQ. Moreover, even if
it is the case thatX = χ ⊗ Q, Def. 3 allows the value imposed onχ to vary depending on
what probe one is considering, in contrast to the case in Ex. 1. Alternatively, it may be that the
questionQ(u) does not equal the associated probefK that is being answered, but so long as
Y(u) = fK(Γ(u)) wheneverχ(u) ⊗ Q(u) has a certain value, the device “gets credit” for being
able to answer questionfK . In this, the definition of weak inference doesn’t fully impose the
mathematical structure underpinning the concept of semantic information. Phrased differently,
the impossibility results for weak inference hold even though weak inference only uses some of
the structure needed to define semantic information. (See Sec. 9 for results that involve all of that
structure.)

In addition, it may be that the scientist cannot read the apparatus’ output display accurately.
In this case the scientist would give incorrect answers as towhat’s on that display. However
so long as that inaccuracy was compensated, say by a mistake in the observation apparatus, we
would still say that the device infersΓ. Any such extra structure that is in Ex. 1 can be added
to the definition of weak inference in Def. 3 if desired, and the impossibility results presented
here for weak inference will still obtain. (See Sec. 9 for a formalization of inference that contains
additional structure much like that in Ex. 1.)

The other examples in Sec. 2 can be cast as instances of weak inference in similar fashions. In
particular, all of them have additional structure beyond that required in Def. 3.

It is worth elaborating further this point of just how unrestrictive Def. 3 is. One might argue
that to apply to things like computers being used for prediction, a definition of inference should
involve additional formal structure like time-ordering, or stipulations about the Chomsky hierar-
chy power of the device, or stipulations about physical limits restricting the device’s operation
like the speed of light, quantum mechanical uncertainties,etc.. More abstractly, one might ar-
gue that for a conclusion of a device to be physically meaningful, it should be possible to “act”
upon that conclusion, and then test through the universe’s response to that action whether the
conclusion is correct. None of this is required.

Note also that Def. 3 doesn’t require that the device be used to infer some aspect of world
“outside” of the device. For example, no restrictions are imposed concerning the physical cou-
pling (or lack thereof) at any particular instant of time between the device and what the device
infers. The device and what it is inferring can be anything from tightly coupled with each other
to completely isolated from each other, at any moment.

As an extreme version of the first end of that spectrum, one caneven have the device and
what it is inferring be “the same system”. For example, this is the case ifX and/or Y depend on
every degree of freedom in the universe at some moment in time(in some associated reference
frame). In such a situation, the entire universe is the inference device, and it is being used to infer
something concerning itself.

As another example of the generality of the definition, note that time does not appear in Def. 3.
Ultimately, this is the basis for the fact that the definitionof inference applies to both prediction
and recollection, aka “retrodiction”. This absence of timein Def. 3 also means that not only
might the device be the entire universe, but it might be the entire universe across all time. In such
a situation, the device is not localized either spatially orphysically; the setup and/or conclusion
of the device is jointly specified by all degrees of freedom ofthe universe at all moments.

In addition,X = x ⇒ Y = f (Γ) does not mean thatY(u) is the same for everyu ∈ X−1(x). It
simply means that whatever valuesY(u) has asu varies acrossX−1(x) are the same as the values
that f (Γ(u)) has. This weakness in the definition of inference is necessary for it to accommodate
observation devices. (Recall that in such devicesX(u) is how the observation device is set up,
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and the conclusion of the device depends on characteristicsof the external universe, to be types
of inference devices.)

Along the same lines,C > Γ does not imply that there is exactly one probe ofΓ for which the
associated conclusion value is 1. (This is true even thoughπ(Γ(U)) is a full unary representation
of Γ(U).) Formally,C > Γ does not imply that there is exactly one probef of Γ such that
∃ x : X = x⇒ Y = f (Γ) = 1. There may be more than one suchf , or even none. So as embodied
in weak inference, forC to predict (something concerning the future state of the universe as
encapsulated in the function)Γ does not mean that for eachγ ∈ Γ(U) there is some associated
questionx that if embodied inX guarantees thatY correctly says, “yes, in this universeu, γ is
the value that will occur;Γ(u) = γ”. Weak inference only requires that for eachγ and associated
probe,X can be set up so that the device’s answerY(u) must be correct, not that it can be set up
to be correct and answer in the affirmative.

Similarly, C > Γ does not imply thatC can infer a “coarse-grained” version ofΓ. It implies
thatC can correctly answer, “doesΓ(u) equalγ1?” for someγ1 ∈ Γ(U), and that it can correctly
answer “doesΓ(u) equalγ2” for someγ2 ∈ Γ(U). However it does not imply thatC can correctly
answer, “doesΓ(u) equal eitherγ1 or γ2 or both?”. In particular, for two functions overU, Γ and
Γ′, C > (Γ, Γ′) does not implyC > Γ.

As another example of how weak Def. 3 is, recall thatY is to be interpreted as including all that
the device “knows”. On the other hand, it isX that includes a specification of what inference task
the device is being asked to perform. So in the definition of inference, we don’t even require that
the device knows what inference task it is being asked to perform. We just ask if it can be given
such a task and then come to the right conclusion, even if it doesn’t know what its conclusion
“means”.

There is no reason one could not introduce additional formalstructure in the definition of
inference to embody some (or all) of these attributes. For example, say we want to analyze the
property of a deviceC both inferring someΓ while also being capable of correctly answering
“doesΓ(u) equal eitherγ1 or γ2 or both?”. We could do this by strengthening the definition of
weak inference to also require that for any union of probes ofΓ, Φ, there is anx ∈ X(U) such
that X(u) = x implies thatY(u) = 1 ⇔ f (Γ(u)) = 1 for somef ∈ Φ. (In general thex ∈ X(U)
that force the device to infer such unions of multiple probesare different from thex ∈ X(U) that
force the device to infer single probes.) As another example, say we want to haveC infer some
Γ while also knowing how it is set up (so in particular it knows what probe ofΓ it is inferring).
We can accomplish this by requiringC > (Γ, X).

Whatever difficulties such additional structures might impose, they are in addition to the im-
possibility results we derive below; the results below apply no matter what such additional struc-
tures are imposed.

In addition, in Def. 3 there are no restrictions on how, physically, the functionΓ gets mapped
to the setup valuex. So there are no stipulations, implicit or otherwise, abouthow x is inter-
preted. A mechanism for forcingX(u) to have the desired value for its inference will typically
exist in any real device. In fact, in general to infer different functions will require different such
mechanisms. So in the real world there is typically a way to replace one such mechanism with
another, depending on the functionΓ being inferred.

By leaving the mechanism out of the formal definition of inference, all such complications are
avoided. In Def. 3, we simply say there exists some appropriate x ∈ X(U) for any f (Γ), with
nothing mentioned about how to force the inference device (and thereforeu) to have what the
device is supposed to compute,f (Γ), reflected in the valuex.

Indeed, given any deviceC, we can define a new deviceC′ ≡ (X′, Y′) whereX′(u) itself
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specifies thef (Γ) that we wish to answer using the original device (X, Y). So for example, say
(X, Y) is a computer running a physical simulation program whose initialized state is given by
X(u). ThenC′ is that computer modified by having a “front end” program thatruns first to figure
out how to initialize the simulation to have the bit it produces as a conclusion answer the question
of interest. In this case, trivially, there is no issue in mapping fromΓ to x; that mapping is part of
the setup function of our new device,X′(.).

In particular, say that there is an “external” scientist whotypes into the computerC a specifi-
cation of the system whose evolution is to be simulated in thecomputer (i.e., forcesX(u) to have
a value that is interpreted as that specification). Then one can defineC′ so that the scientist is
embodied inX′(.). In this definition, we view the human scientist as “part of”the device (s)he is
using.

In summary, and speaking very colloquially, one can view weak inference as a necessary
condition for saying that a device “knows” the actual value of a function of the state of the
universe. Whatever else such knowledge entails, it means that the device can, by whatever means,
correctly answer (with a yes or a no), “Does the value of the function of the state of the universe
equalz?” for any valuez in the codomain of the function.

Like with weak inference, there is no requirement that a device knows how it has been set up
for it to strongly infer another device. Similarly, there isno requirement that it be able to strongly
infer the unions of probes, no requirements concerning its position in the Chomsky hierarchy,
etc. Despite being so pared-down, the definition of strong inference is still sufficient to exhibit
some non-trivial behavior.

APPENDIX C: Alternative definitions of weak inference

There are alternatives to Def. 3 that accommodate the case where |Γ(U)| > 2 without em-
ploying multiple probes. One such alternative uses multiple devices in concert, each sharing the
same setup function, and each device’s conclusion giving a different bit concerningΓ’s value. As
an example, say thatΓ’s range isR. Then we could assign each device to a separate real num-
ber, and require that for allu one and only one device’s conclusion equals 1, namely the device
corresponding to the value ofΓ(u).

To formalize this, say we have a set of devices{Cz : z ∈ R} and some functionΓ : U → R. In
addition suppose there is some vectorx with componentsxz running over allz ∈ R such that

i) ∩z∈RX−1
z (xz) ≡ ÛΓ , ∅.

ii) u ∈ ÛΓ ⇒ ∀z ∈ R, Yz = 1 iff Γ(u) = z.

iii) ∀γ ∈ Γ(U), ∃u ∈ ÛΓ such thatYγ(u) = 1.

Then we can jointly set up the set of devices so that their joint conclusion givesΓ(u), and we can
do so without precluding any element ofΓ(u). In this, the set of devices “jointly infers”Γ.

Alternatively, we could use a single device, where we modifythe definition of “device” to
allow arbitrary cardinality of the range ofY. With this modification, the conclusion function of
the device does not answer the question of what the value of a particular function ofΓ(U) is.
Rather it directly encodes the value ofΓ(U).

It would appear that under such an alternative we do not need to have the value ofX(u) specify
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the bit concerningΓ(u) that we want to infer, and do not need to consider multiple probes. So for
example, it would appear that when the device is being used for prediction, under this alternative
X(u) need only specify what is known concerning the current state of the system whose future
state is being predicted, without specifying a particular bit concerning that future state that we
wish our device to predict. The conclusionY (or set of conclusions, as the case might be) would
specify the prediction in full.

Things are not so simple unfortunately. If we wish to allow the device to infer functionsΓwith
different ranges, then under this alternative we have to allow different functions relatingY(u) and
Γ(u). This need is especially acute if we want to allow|Γ(U)| to vary.

Such functions should be surjective, to ensure that our device can conclude every possible
value ofΓ(U). (This surjectivity is analogous to the requirement that we consider all probes in
Def. 3.) For any such functionφ : Y(U) → Γ(U), we would interpret a particular valueY(u) as
saying “Γ(u) = φ(Y(u))”. (This contrasts with the situation whenY(U) = B, where we interpret
Y(u) = +1/−1 to mean “yes/no”, respectively, in response to the question of whether some
associated probe has the value+1.)

One immediate problem with this alternative definition of inference is that it does not allow a
device (X, Y) to infer any functionΓ(U) where|Γ(U)| > |Y(U)|. Such difficulties do not hold for
Def. 3. For example, ifX(U) = 3, X is a fine-graining ofY with two of its elements contained in
Y−1(−1), andΓ is a fine-graining ofX, then (X, Y) > Γ. (For every probe ofΓ(U), x is chosen to
be one of the two elements that causeY(u) = −1. The precisex chosen for a particular probef
is the one that lies in (f (Γ))−1(−1).)

Other difficulties arise when we try to specify this alternative definition in full. For example,
one possible such definition is thatC infersΓ iff ∃ x and functionφ : Y(U) → Γ(U) such that
X = x ⇒ φ(Y) = Γ. Such a definition is unsatisfying in that by not fixingφ ahead of time, it
leaves unspecified how the conclusion of the device is to be physically interpreted as an encoding
of Γ(u). (This is in addition to the lack of a fixed mapping fromΓ to x, a lack which also arises
in Def. 3.)

To get around this problem we could pre-fix a set ofφ’s, one for every member of a set of
ranges{Γ(U)}. We could then haveu pick out the preciseφ to use. This requires introduction
of substantial additional structure into the definition of devices however. (A somewhat related
notion is considered in Sec. 9.) Another possible solution would be along the lines of∀φ :
Y(U) → Γ, ∃x such thatX = x ⇒ φ(Y) = Γ”. But this returns us to a definition of inference
involving multiple functions relatingY andΓ.

All of these other difficulties also apply to the definition above of joint inferenceinvolving
multiple devices. In particular, say we wish to use the same set of devices to jointly infer function
having different ranges from one another. Then we have to specify something about how to map
the joint conclusion of the devices into an inference in any of those ranges. For example, if the
set of devices is{Cz : z ∈ R} andΓ(U) is non-numeric, we would need to specify something
about how a joint conclusion{Yz(u)} gets mapped into that non-numeric space.

As a final possibility, we could stick with a single device andhaveY(U) = B, but use some
representation ofΓ(U) in X other than the unary representation implicit in Def. 3. For example,
we could require that for all binary representationsφ of Γ(U), for all bits i in that representation,
there is anx such thatX = x ⇒ Y = φi(Γ). This would allow smaller spacesX(U) in general. But
it would still require consideration of multiple functionsrelatingY andΓ. It would also raise the
issue of how to encode the elements ofΓ(U) as bits.

For simplicity, in the text we avoid these issues and restrict attention to the original definitions.
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